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CONDENSED MATTER PHYSICS

Magic-angle helical trilayer graphene

Trithep Devakul'?*, Patrick J. Ledwith?, Li-Qiao Xia', Aviram Uri®, Sergio C. de la Barrera'*,

Pablo Jarillo-Herrero’, Liang Fu’

We propose magic-angle helical trilayer graphene (HTG), a helical structure featuring identical rotation angles
between three consecutive layers of graphene, as a unique and experimentally accessible platform for realizing
exotic correlated topological states of matter. While nominally forming a supermoiré (or moiré-of-moiré) struc-
ture, we show that HTG locally relaxes into large regions of a periodic single-moiré structure realizing flat topo-
logical bands carrying nontrivial valley Chern number. These bands feature near-ideal quantum geometry and
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are isolated from remote bands by a very large energy gap, making HTG a promising platform for experimental
realization of correlated topological states such as integer and fractional quantum anomalous Hall states.

INTRODUCTION

The intricate interplay of topology and strong electronic interac-
tions is one of the most fascinating and rapidly evolving areas of
modern condensed matter physics. Following the discovery of
superconductivity and strong correlations in twisted bilayer gra-
phene (TBG) (I, 2), moiré materials have risen to the forefront of
both theoretical and experimental condensed matter physics re-
search as an ideal platform for exploring strongly correlated
physics in topological bands (3). In the graphene family, substantial
progress has also been made in multilayer moiré heterostructures,
such as alternating twist multilayers (4-6), or single twist multi-
layers, such as twisted monolayer-bilayer graphene (7-9). In paral-
lel, moiré heterostructures based on semiconductor transition metal
dichalcogenides have also revealed a trove of complementary
physics ranging from generalized Wigner crystals to topological
states (10). The sheer versatility of the moiré platform has lead to
the experimental realization of an extraordinarily diverse array of
physical phenomena.

In magic-angle TBG, a manifold of nearly flat isolated single-
particle bands enables a unique regime of physics dominated by in-
teractions and band geometry. Perhaps the most fascinating and
direct observations of strongly correlated topology are the
quantum anomalous Hall (QAH) (11-14) and fractional Chern in-
sulator (FCI) (15-20), lattice analogs of the integer and fractional
quantum Hall states driven by intrinsic band geometry rather
than Landau level physics (21, 22). However, these topological
states in TBG are often fragile and overpowered by competing non-
topological states, likely because they require alignment with a hex-
agonal boron nitride (hBN) substrate (11, 23) or spontaneous
breaking of C,,7 symmetry (24). The FCI states have thus far
only been observed in a substrate aligned sample and at finite mag-
netic field B ~ 5 T (15). The apparent requirement of substrate
alignment poses a substantial experimental challenge that severely
limits reproducibility of strongly correlated topology in the TBG
platform, and it is not clear whether the FCI state can be made
stable at zero field. Very recently, evidence of a zero-field FCI was
found in a twisted transition metal dichalcogenide homobilayer (25,
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26). It is therefore an important theoretical task to identify new plat-
forms in which these topological states may appear most robustly, as
well as for the realization of further exotic phases of matter.

We propose “helical trilayer graphene” (HTG), a helical structure
featuring identical rotation angles between three consecutive layers
of graphene, as a promising and experimentally accessible platform
for realizing exotic topological states of matter. As we will elaborate,
unrelaxed HTG does not realize a single periodic moiré superlattice
but instead realizes a supermoiré (or “moiré-of-moiré”) structure
(27-29). Nevertheless, we show that HTG locally relaxes into
large regions hosting a single-moiré structure featuring a periodic
honeycomb lattice of the AA stacking regions (shown in Fig. 1, A
and B). In these regions, which we call h-HTG, C,, is broken by a
fixed lateral shift d = +§ between the two moiré superlattices. We
find that at a magic angle 6 &~ 1.5°, the moiré band structure of h-
HTG features a pair of flat, isolated, nearly degenerate topological
bands, shown in Fig. 2B, with valley-contrasting Chern numbers C
= (1, —2). Since each valley carries a net Chern number, even the
band insulators are topological quantum valley Hall states, and
valley polarization alone yields a net Chern number. In particular,
these bands feature remarkably uniform charge and Berry curvature
distributions, as well as nearly “ideal quantum geometry” (16, 20,
30-35), making HTG a promising platform for realizing FCI
states in C = 1 and 2 Chern bands. Furthermore, the topological
flat band manifold is isolated from remote bands by a very large
gap Eg,, ~ 100 meV, implying a high degree of stability and provid-
ing a potential route to higher temperature QAH and FCI states.

Zooming out, HTG realizes large regions of h-HTG domains
(and its C,, related counterpart), which form a triangular tiling
on the supermoiré scale, as shown in Fig. 1A. These domains are
large (several hundreds of nanometers) so the bulk properties of
h-HTG are accessible via local probes such as scanning single-elec-
tron transistors (15, 36, 37) and scanning nanosuperconducting
quantum interference devices (38). Furthermore, the domain size
may be tuned via heterostrain engineering (39, 40), and with a
small amount of uniform heterostrain (x0.03%), the entire device
can relax into a single domain of h-HTG, providing a route to a
quantized Hall response measurable by transport.

When the domain size is finite, a triangular network of interwo-
ven domain walls is realized as shown in Fig. 1A. When the domains
are tuned to incompressible states at integer or fractional filling, in-
cluding full and empty filling of the flat bands, the low-energy
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Fig. 1. Relaxed lattice structure. (A) The relaxed structure of helical trilayer gra-
phene (HTG) at 8 = 1.5°is shown, where orange and purple dots show the AA stack-
ing regions of adjacent layer pairs and the red background indicates the moiré
aperiodicity A(r). The system relaxes to large triangular domains of h-HTG (and
its C,, counterpart, h-HTG), a periodic moiré superlattice with A(r) ~ 0, separated
by a network of domain walls. (B) A zoom-in to the h-HTG region and a further
zoomed-in illustration of the atomic-scale structure at high-symmetry points. (C)
The monolayer graphene BZs for each layer are shown. In the h-HTG region, the
three K points relax onto a single line and fold to the k, y, and k' points on the mBZ
as illustrated on the right.

electronic physics is dominated by the network of gapless domain
walls. This system therefore provides a natural realization of chiral
or counterpropagating edge network models (41) on the super-
moiré scale. Together, our work demonstrates that HTG is a
uniquely exciting platform for realizing robust strongly correlated
topology and gapless edge networks and for exploring their
interplay.

The key ingredient that enables all this richness is lattice relaxa-
tion on the supermoiré scale, an aspect which was not fully incor-
porated in previous theoretical studies. Our relaxed structure shows
that the shift between the two moiré superlattices is spatially
uniform within the h-HTG domains, given by d = £8. Mora et al.
(42) and Popov and Tarnopolsky (43) focused on the electronic
properties of a different single-moiré superlattice defined by d =
0, which is energetically unfavorable and is minimized in the
relaxed structure of Fig. 1A. Zhu et al. (27) and Mao et al. (28) ex-
amined the electronic properties of the full unrelaxed supermoiré
structure, in which d varies smoothly as a function of position.
These previous studies therefore missed the rich physics of the h-
HTG region and, crucially, its nontrivial topological properties.
Various extensions to higher number of layers have also been ex-
plored (44-47).

This paper is structured as follows: We first introduce the HTG
structure and demonstrate that relaxation favors the formation of a
network of large h-HTG domains. We examine the electronic prop-
erties of h-HTG and its symmetries via an effective continuum
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model description, revealing the advertised magic angle, topological
flat bands, and large remote bandgap. We then study the model in
the “chiral limit,” which features exactly flat bands with ideal
quantum geometry, explaining the origin of the magic angle. Last,
we examine the features that make h-HTG promising for the reali-
zation of strongly correlated topology and discuss possible correlat-
ed states at integer and fractional fillings.

RESULTS

Supermoiré reconstruction

We consider the HTG structure consisting of three graphene layers

with the twist configuration (6,, 6, 65) = (8,0,—8). In the absence of

lattice relaxation, the moiré superlattices of the lower and upper two

graphene layers are themselves misaligned by an angle 0, which

therefore forms a supermoiré structure. This results in a parametric

separation of length scales: The atomic length scale a, = 2.47 A is

much smaller than the moiré length scale a,, = a9/ (Zsin g), which

is, in turn, much smaller than the supermoiré length
. g\2

scale ay, = ao/(2sin)”.

Because of the large supermoiré length scale, lattice relaxation
plays a pivotal role in the physics of HTG and cannot be ignored.
This is because even a small amount of atomic lattice relaxation can
result in a magnified effect on the moiré scale and, hence, a doubly
magnified effect at the supermoiré scale. As an analogy, consider the
bilayer case. In TBG at 6 & 1.1°, lattice relaxation is minor and typ-
ically accounted for by a phenomenological parameter k known as
the chiral ratio. At very small angles 6 < 1° (a,,, 2 14 nm); however,
lattice relaxation results in severe moiré lattice reconstruction (48—
53): The energetically favorable AB and BA stacking regions are en-
larged to form large triangular domains of locally atomically peri-
odic Bernal stacking regions at the expense of the energetically
unfavorable AA regions. In HTG, the analogous effect can now
occur at the supermoiré scale. As we will now demonstrate, while
the moiré scale lattice reconstruction is minor at 6 & 1.5°, the super-
moiré scale a,,,, ~ 300 to 400 nm is well in the regime of severe
supermoiré lattice reconstruction.

We model in-plane lattice relaxation in HTG using the configu-
ration space method developed in (53, 54): The total intra- and in-
terlayer energy, with parameters extracted from ab initio theory, is
minimized in configuration space that avoids issues associated with
real-space incommensurability. From this, we extract a real-space
map of the local shift field u,(r), which indicates the in-plane dis-
placement of the relaxed structure relative to the unrelaxed struc-
ture, for each layer L

In Fig. 1A, we show the AA stacking regions of adjacent layer
pairs, labeled by AA;, and AA,;, for the relaxed structure. The
marked effect of supermoiré lattice reconstruction is clearly
visible by eye: large domains separated by a triangular network of
domain walls. Within each domain, the AA;, and AA,; regions
come together to form the two sublattices of a periodic moiré-
scale honeycomb lattice, as shown in Fig. 1B. These are character-
ized by a spatially uniform finite lateral shift d = +8 (defined later)
between the two moiré sublattices; since d is opposite in two adja-
cent domains, a domain wall must form between them. Thus, while
HTG nominally forms a supermoiré structure, it is energetically fa-
vorable to relax to large domains of locally periodic regions. We use
the term periodic moiré superlattice to refer to these periodic
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Fig. 2. Electronic properties. (A) The remote bandgap £g,, multiplied by Gy, = +1 of Hy is shown as a function of d, the relative offset between the moiré lattices
(illustrated in inset), for 6 = 1.5° and k = 0.7. (B) The moiré band structure for h-HTG, corresponding to d = 8. (C) The density of states (DOS) for h-HTG as a function

of 6.

structures and specifically those realized in the upward and down-
ward pointing triangular domains as h-HTG and h-HTG,
respectively.

On the atomic scale, the high-symmetry stacking regions in h-
HTG correspond to AAB, ABA, and BAA stacking regions (Fig.
1B), while in h-HTG, they are ABB, BAB, and BBA. The relaxed
structure therefore completely avoids the energetically costly AAA
stacking region. It is interesting to contrast our results to that of al-
ternating twist trilayer graphene, 6, = (0,6,0), where the A-twist-A
configuration (which does contain an AAA region) was shown,
using the exact same method and energetic parameters, to be favor-
able (55, 56). Our results demonstrate that the favorable stacking
configuration is not obvious a priori and depends on subtle ener-
getic properties.

The periodic structure of h-HTG can be understood from the
fact that unrelaxed HTG is already very close to a periodic moiré
superlattice. In Fig. 1C, we illustrate the monolayer Brillouin zone
(BZ) of each graphene layer. The moiré BZ (mBZ) for each layer
pair, the edges of which are determined by K, — K; and K; — K,,
is incommensurate with each other as they are rotated by a small
angle +6/2. However, this incommensurability can be remedied
by a minuscule uniform compression of the outer graphene layers
(and/or dilation of the middle layer) by a factor X = cos () ~ 0.9997
for 6 = 1.5°. The result is that the new K; points all lie along a vertical
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line, satisfying K, — K; = K5 — K, and therefore resulting in a pe-
riodic moiré superlattice. We define the commensurate mBZ as
shown in Fig. 1C, in which the K;, K,, and K; points fold to the
K, y, and k’ points, respectively.

To verify that this is the correct picture, we obtain the local twist
angle 6;(r) =6, +sin"! [ Vu(r)| and uniform scaling factor
A(r) =141V-u(r) of the relaxed HTG structure. We then
define the “local moiré aperiodicity” via A(r) = > -1 3|Kp(r)/
K. (r) — 1], where K;(r) = K cos [0,(r)]/\(r) is the “local K" and
K= 34—;:). A(r) is zero if all three K points lie on a line and nonzero

otherwise. The local moiré aperiodicity is plotted in the background
of Fig. 1A, which shows that the large triangular domains have
indeed relaxed to the locally periodic structure with A(r) ~ 0.
Thus, the physics within each domain is indeed described by the
periodic moiré structure with the mBZ illustrated in Fig. 1C.

In the domain wall region and their intersection, A(r) > 0 and is
much larger than in the unrelaxed structure, Ay = 2|1 — cos6| ~ 0.68
x 107>, This implies that these regions [which contain the previous-
ly studied d = 0 model (42, 43)] actually relax away from the periodic
structure and therefore appear more locally quasi-crystalline (57).

We remark that, although the moiré period a,, and the domain
size (determined by the unrelaxed supermoiré period) a,,,, consid-
ered thus far are both determined by 0, they can, in principle, be
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tuned independently. This is important as it means that the domain
size can be controlled while keeping the local physics within each
domain fixed. By applying a small global uniform compression to
the outer layers via A < 1, which may be possible via heterostrain
engineering, the domain size a,,, = agA/(2|]A — cos0|) quickly in-
creases and diverges at X = cos at which point the entire system
is a single domain. This single domain structure has lower elastic
energy density due to the absence of domain walls, so we speculate
that some degree of this may already occur naturally in finite
systems. The domain size can also be tuned by having slightly dif-
ferent twist angles 6, — 0, # 0, — 03, which will monotonically de-
crease the domain size from the ideal equal-angle limit. However,
the physics within each domain remains largely unchanged. Last,
we remark that our conclusion about the relaxed structure are qual-
itatively insensitive to details such as the precise ratio of intra- and
interlayer elastic energies, which is a potential tuning knob in com-
paring with experiment (56).

Electronic structure

Having established the importance of lattice relaxation on the re-
sulting supermoiré structure, we now turn to the electronic struc-
ture within an h-HTG domain. Rather than deriving a quantitative
electronic model based on the relaxed structure (58, 59), which
would contain many detail-dependent terms, we instead take an ef-
fective approach that captures the essential physics. The starting
point for our analysis is the Bistritzer-MacDonald (60) continuum
model generalized to three layers. For more than two layers, we must
take into account the displacements of the two moiré superlattices,
d; and dy,.

—ivog: V. T(r—d,) 0
Hy= | Ti(r—d,) —ive-V  T(r—dy) (1)
0 TT(I‘ - db) 71'1/0'79' \Y
where 65 = ¢ (0, o,) and
_ | ¥Uo(r)  Ui(r)
) = W{ U(r)  xUp(r) @
is  the moiré  tunneling  between layers,  with

Uy(r) = S2_ e 4", The tunneling wave vectors are such
that g, + iq,, = —ikee%‘, where kg = 2Ksin %. We will use v =
1.03 x 10° m/s and w = 105 meV, which we believe well models tri-
layer graphene at these twist angles capturing some degree of inter-
action-induced velocity renormalization (56, 57).

The intrasublattice tunneling strength is suppressed because of
lattice relaxation and renormalization by k < 1; while hard to esti-
mate precisely (20), TBG studies (52, 53, 58, 61, 62) suggest k = 0.5
to 0.8, and we therefore take a conservative estimate k = 0.7 for now.
The Hamiltonian for the K’ valley can be obtained by time-reversal
symmetry, and spin degeneracy is implied. This model has a moiré
translation symmetry with reciprocal lattice vectors by , = q;, — qo

4+ V3 1) . The Bloch periodicity of Ith

T2
layer is given by Y ((r + a) = e"(k_K,)'a\pk, (r), where K, 5 =F qo + K,
are the k and «’ points of the mBZ and K, is the y point.

Since we may always translate the entire system at the moiré
scale, only d = d, — d,, the offset between the moiré patterns,
affects the spectrum of the continuum Hamiltonian Hg. While a
generic d breaks most crystalline symmetries, there is an

and lattice vectors a; , = 34Tﬂe (
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approximate particle-hole-inversion symmetry #% that exchanges
the top and bottom layers, multiplies the middle layer by —1, takes r
— —r, and anticommutes with the Hamiltonian. This symmetry is
exact if we take 0,9 — o, which is a very good approximation for the
small 0 of interest here, and is easiest to see if one chooses d; = —dj.

In Fig. 2A, we show the remote bandgap, defined as the
minimum of the gap between the second and first conduction or
valence bands, as a function of d for 6 = 1.5°. For special shifts
such as d = 0 or along high-symmetry lines, the remote bandgap
is forced to be zero (28, 42). For generic shifts, however, the
remote bandgap is nonzero and maximized for shifts at the
corners of the moiré unit cell: d = +& = + }(a, — a;). Comput-
ing the total Chern number of the first conduction and valence
bands, we find C,, = F1 in the regions smoothly connected to
the high-symmetry +8 points. The corresponding bands in the K’
valley have opposite Chern numbers by time-reversal symmetry.
The band structure at d = §, shown in Fig. 2B, demonstrates the ex-
istence of two isolated nearly flat bands carrying net topology.

We now focus on the properties of the h-HTG periodic moiré
superlattice, obtained by setting d = 8. The h-HTG model, obtained
by setting d = -9, is related by C,,.7 = 0,.#", where " is complex
conjugation, which takes r — —r and leaves k invariant. At this
special value of d, the model has additional symmetries. Because
§, as the corner of the unit cell, is a C;, invariant point, the resulting
moiré superlattice is C;, symmetric. Furthermore, because § - —9
under x — —x, the model is additionally symmetric under C,,,
which exchanges the top and bottom layers and also exchanges
valleys. The antiunitary mirror symmetry C,,7" acts within a valley.

Figure 2C shows the density of states (DOS) of h-HT'G as a func-
tion of 6. The most prominent feature is the appearance of the ad-
vertised magic angle at 6 &~ 1.5°, where two topological flat bands
appear at the charge neutrality point. At the magic angle, the
DOS exhibits a sharp peak (DOS > 20 eV™' nm™), the remote
bandgap is large Egqp ~ 85 meV, and the dispersion, half the total
bandwidth of both bands, is small W= 15 meV. These values should
be contrasted with a typical interaction scale; this can be obtained by
scaling up the 20- to 30-meV estimate (2, 63) of TBG interactions by
~1.5, due to the larger angle, yielding the range of 30 to 45 meV.
This ordering of energy scales is ideal for exploring strongly corre-
lated topology, in which the large Eg,, essentially “locks in” the
quantum geometry of the flat band manifold, within which interac-
tions are dominant.

Chiral limit
The origin of these flat bands can be understood from the chiral
model (64), obtained by setting x = 0, which we now analyze in
detail. Chiral models, with exactly flat bands, also motivate a “sub-
lattice-Chern basis” (34, 65), useful for all x, where the flat bands
have Chern number C = (1,—2). The chiral model enables strong
coupling approaches (34) to several types of correlated insulating
states including generalized ferromagnets, topological charge
density waves, and FClIs.

To write an explicit form of the chiral Hamiltonian, we choose d,
= —d, = -8 such that d = —28 = § and U(r—d,) = U (r). We
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therefore have, in the basis where o, = diag (1,1,1,—1,—1,—-1),

0 Df
Hyg = Vke (D 0 )a
—2ie%d  aU_y(r) 0 (3)
D = |aUy(-r) —2i0 alUy(r)
0 aU_j(—r) —2ie ™9

Here, we have nondimensionalized the Hamiltonian using r —
rkg, 0 — 0/ky where d = % (0 + idy). Nominally, { = 6, but it can be
instructive to imagine tuning it independently; none of our conclu-
sions depend on its precise value.

As we tune the dimensionless tunneling strength o = w/vkg ~ 1/
0, we find a sequence of magic angles, listed in Table 1, at which we
obtain exactly flat bands at zero energy, seen by the vanishing band-
width in Fig. 3A. Because of the chiral symmetry of the Hamiltonian
{H, 0.} = 0, we may label zero modes by their eigenvalue under o,
such that the flat bands correspond to zero modes of D polarized on
the A sublattice and of D' on the B sublattice. As shown in Fig. 3B,
odd parity magic angles have two flat bands per spin per valley,
while even-parity magic angles have four together with a dispersive
Dirac cone at I (for { = 0). The even magic angle—dispersive cone is
gapped out by { # 0, but the four exactly flat bands remain. The dis-
tinction between even and odd magic angles, together with ratios
between magic a that do not match those of TBG, suggests that
the magic angles here do not descend from those of TBG. This is
in contrast to the chiral magic angles of twisted chirally stacked mul-
tilayers (4, 31), alternating twist multilayers (4), and the d = 0 peri-
odic HTG (43), which can all be related to TBG. A detailed
understanding of the mathematical structure of this model is an in-
teresting subject beyond the scope of this work.

Let us focus on the first magic angle a; & 0.377 + O(() that is the
most experimentally relevant. Here, we obtain two exactly flat
bands; the A sublattice band has C, = 1, and the B sublattice
band has Cg = —2.

To understand the emergence of flat bands and their Chern
numbers, we begin with the three Dirac cones associated with the
a = 0 decoupled limit. These cones are protected and pinned to zero
energy by chiral symmetry, pinned to the k, y, and k’ points by Cs,
symmetry, and all have positive chirality. The net chirality of three
implies that the flat bands obtained by gapping all three cones with a
0, mass results in bands that differ in Chern number by Cy — Cz =3
(35). The low-energy bands must therefore have a net topology C +
Cg #0.

We now analytically derive the exact flatness and Chern numbers
at the first magic angle. Let us focus on the A sublattice, ¥ = Ya.
From the decoupled limit, we find that the C;, representation of
the zero-mode y-point wave function is such that y,,; 3(r = 0) = 0
but ,,(0) is in general nonzero. Ina C,,.7” symmetric gauge, y,,(0)
is a signed real number, and it is natural for it to cross through zero
(34, 66); we find that it does at a = ;. Such a crossing point is stable
to Cs; and G, preserving perturbations and leads to exactly flat

bands. At the crossing point, the entire y-point zero-mode wave
function vanishes at r = 0. We may therefore write (64, 67)

— ek 70(22;)1’/() Yy (1) (4)

as a zero-mode wave function at wave vector k, measured from the
y point for concreteness. Here, 6(z) = o(z|a,, a,) is the Weierstrass
sigma function that satisfies o(—z) = —o(z) and

o(z+ay,) = —e2(=t5)  The pole associated with the zero of
the sigma function is cancelled by the zero of y,. Here, we have
used the complex number notation k = k, + ik,, z = x + iy, and
a = ay + ia,. We note that Eq. 4 may be interpreted as the wave
function of a Dirac particle moving in an effective inhomogeneous
o(z)
[l @]
(16, 33), up to an unimportant k-independent normalized
layer vector.

The fact that y has a single k-space zero, for each r, of positive
winding implies that the band has C, = 1 (there is a winding by 2n
around the mBZ) (33). It is also possible to compute the Chern
number from the k-space quasi-periodicity of Eq. 4 (33, 34). Since
D and D" have the same singular values when there is no external
magnetic flux (68), the B sublattice must also have an exact band of
zero modes from which Cy — Cg = 3 implies Cg = —2.

In Fig. 3C, we show the charge density #n(r) and Berry curvature
F(k) for these bands. The charge distribution for both bands are re-
markably uniform. This can be motivated from the fact that TBG
has a singly peaked charge density at the AA region: Since h-
HTG contains two such AA sites, AA;, and AA,;, the charge
density has two peaks at these locations for each layer pair and is
overall much more uniform. We also find that the Berry curvature
distribution for both bands feature a multipeak structure in mo-
mentum space and are relatively uniform (with the A sublattice C
= 1 band being extremely uniform). These are both important fea-
tures reminiscent of the lowest Landau level that persist to larger «,
as we discuss later. All the Chern basis bands, labeled by valley, spin,
and sublattice, are explicitly summarized in Table 2.

Yi(r)

magnetic field of 27 flux per unit cell, where By (r) = VZlog

Correlated states

We now discuss the correlated physics and band geometry of these
bands. At integer filling, generalized quantum Hall ferromagnets,
obtained by filling any combination of bands within the Chern
basis (Table 2), are very energetically competitive; they are exact ei-
genstates in the chiral limit and exact zero energy ground states
when bare and Hartree dispersions can be neglected (65, 69). At
filling v = +3, measured relative to charge neutrality such that the
empty and full flat bands have v = F4 respectively, the generalized
ferromagnetic state necessarily carries nonzero Chern number, al-
though we will later discuss other states that avoid this restriction.
Coherence between bands of differing Chern number is heavily pe-
nalized because these order parameters must have vortices in the

Table 1. List of magic angles for the chiral model with {=0.

a, ay oz oy ag ay ag ag
0.377 1.197 1.755 2414 2.991 3.628 4.213 4.840 5.430
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Fig. 3. Chiral limit. (A) The dispersion W and remote gap Eg,,, for the chiral model with { = 0, as a function of the dimensionless tunneling parameter a. (B) The band
structure at a, (left) and a, (right). (C) The charge density n(r) and Berry curvature F(k) in the Chern basis for the |C| = 1,2 bands, where A, and Ag; are the moiré unit cell
and mBZ areas, respectively. (D) The evolution of W, Berry curvature deviation &F, and trace condition violation T, as a function of k in the Chern basis, and corresponding

TBG values for comparison.

mBZ, equal in number to the difference in Chern number (13).
Since no two Chern numbers are the same (including the other
valley, we have C = +1, F2), we therefore do not expect intervalley
coherence in this system. While TBG has an approximate U(4) x
U(4) symmetry (65, 70, 71) that can rotate between intervalley co-
herence and valley diagonal orders, we have the U(2) x U(2) x U(2)
x U(2) subgroup consisting of spin and charge rotations for each
sublattice and each valley. For nonzero bare dispersion or outside
the chiral limit, this symmetry is broken to U(2) x U(2) consisting
of spin and charge rotations in each valley. A rich phase diagram of
spontaneous symmetry breaking has been observed in TBG (36, 72,
73), and we expect similar physics to arise here. In this sense, the
Chern basis is meaningful and important even outside the chiral
limit (34, 65); to access it, one can diagonalize the band-projected
sublattice operator I'yg = uyp0tiiq, Where y is the Bloch wave func-
tion at wave vector k associated with band a.

Zero-mode bands of chiral Hamiltonians of the form (Eq. 3)
have ideal quantum geometry (16, 20, 30-35) for FCIs in a sense
that we now describe. Because D only depends on antiholomorphic
derivatives, the zero-mode band of D maps to itself under multipli-
cation by z = x + iy; we have zP = PzP, where P is the projector onto
the band and z = x + iy can be thought of as a vortex operator; this
condition is referred to as “vortexability” (30); vortices may be
added while remaining within the band of interest. This condition

Devakul et al., Sci. Adv. 9, eadi6063 (2023) 6 September 2023

may be iterated to replace z with any holomorphic function f(z). It is
equivalent to the momentum space “trace condition” (21, 22), the
saturation of the inequality T = [ d’k[ggs(k) — |F(k)|] > 0, where
grs is the Fubini-Study metric and F(k) is the Berry curvature. We
say that a system has ideal quantum geometry if T = 0.

Ideal quantum geometry is intimately related to FCI ground
states; we may begin with an ordinary many-body state |¥y), e.g.,
the fully filled state, and create the state (30-32)

|¥a) = H (z — 2)* |'¥o)

i<j

()

which lies entirely within the band of interest due to the vortexabil-
ity condition. This construction not only generalizes that of the v =
1/(2s + 1) Laughlin state but also applies to bands with C > 1. If the
band is flat and the band-projected interaction is sufficiently short-
ranged and normally ordered with respect to an empty “vacuum,”
then |¥,;) is the unique ground state at its filling factor (30).

The previously mentioned charge density and Berry curvature
homogeneity further help with stability to long-ranged interactions,
which can be motivated by analogy with the lowest Landau level (21,
22). In addition, the interaction-generated Hartree dispersion ob-
tained by integrating out already-filled bands is much smaller if
charge density is peaked at more than one point (35). This is
indeed the case here, especially relative to TBG where an AA-
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Table 2. Table of Chern basis bands labeled by (valley, spin,
sublattige), showing their Chern numbers, in the h-HTG and C,,-
related h-HTG structure.

Band

peaked charge density leads to a strong Hartree dispersion that
works against FCIs (20). Moving away from the chiral limit, we
show the evolution of various geometric indicators in Fig. 3D. We
first observe the dispersion W increasing with k, and we identify the
optimal magic angle aj* (k) by the minimum in W. We show the

Berry curvature deviation 8F = { [ d’k[L F(k) — C]Z}E and trace
condition violation T of the two bands in the Chern basis, at

aS?(k), as a function of , along with the corresponding values cal-
culated for TBG. We find that §F shows remarkably weak depen-
dence on x and is much lower than TBG for both bands at
realistic values of k. Turning to T, we find that the |C| = 2 (1)
band is uniformly more (less) ideal than TBG but is all of similar
magnitude. Overall, these favorable quantum geometric indicators
are highly suggestive of an FCI ground state at fractional filling and
call for a detailed numerical analysis.

Many correlated states have been predicted for C = 2 bands, from
the starting point of ideal geometry (32, 74). By doubling the unit
cell, the C = 2 band may be split (75) into two C = 1 bands that are
each individually vortexable (32, 74) and related by translation sym-
metry; linear combinations of these C = 1 subbands lead to a nearly
degenerate manifold of charge and spin density waves that can
occur at half-integer fillings (32, 74). These states are guaranteed
to be stabilized in the limit of short-ranged interactions when the
bands have ideal geometry, similar to FCIs, but are numerically
present for realistic parameters as well (19). A C = 1 insulator of
this nature at half-integer filling was observed in twisted monolay-
er-bilayer graphene (7). We expect that this could be the case in h-
HTG as well. By filling two of the |C| = 1 sub-bands, say in opposite
valleys, it is possible to also obtain integer filling states with unex-
pected properties, such as a v = 3 insulator with net Chern number
zero. At fractional filling, there are a variety of fractional Chern in-
sulating states that have been proposed in higher Chern bands (21,
22). Many can be constructed from Eq. 5 using different parent
states |Wo). We refer readers to (32, 74) for more details.

We briefly discuss the incommensurate Kekulé spiral state,
which was recently found to be important in strained TBG (76—
79). We expect that these incommensurate orders are less likely in
h-HTG since their energetics appear to rely on a large, peaked
Hartree dispersion. The large Hartree dispersion originates from
particular features of TBG wave functions, such as a single peak
of the charge density per unit cell, that are not shared by h-HTG.
Instead, we expect the previously discussed topological states to
be favored.

We have highlighted that the topological nature and nearly ideal
quantum geometry of h-HTG lead to a wide variety of potential

Devakul et al., Sci. Adv. 9, eadi6063 (2023) 6 September 2023

correlated states, from generalized quantum Hall ferromagnets to
topological density waves to FCIs. Because of the proximity to the
K = 0 chiral limit, there is a pathway toward understanding the com-
petition between these various correlated states. The investigation of
the detailed energetic competition of these correlated states is an
important subject for future works.

DISCUSSION

Having discussed extensively the rich correlated physics of h-HTG,
we now briefly discuss the global physics when the domain size is
finite. In this case, HTG separates into large domains of h-HTG and
h-HTG, related by the valley-preserving C,.7 transformation that
flips the sign of all Chern numbers. When the domains are tuned to
incompressible fillings, the low-energy physics is dominated by the
network of domain wall states that provide a realization of Chalker-
Coddington type network models (41). At the full or empty band
insulating states v = +4, stabilized by the Eg,, ~ 100 meV remote
gap, each domain is a quantum valley Hall state with net valley
Chern number that is opposite in adjacent domains: We therefore
expect the appearance of gapless edge modes counterpropagating
along the network of domain walls. Similar physics of counterpro-
pagating edge networks has been actively explored in marginally
twisted 0 < 1° TBG (48, 80-83), where a strong vertical displace-
ment field is needed to gap the AB and BA domains. In HTG, the
large intrinsic bandgap eliminates the need for a displacement field.
More interesting possibilities also arise here because of the correlat-
ed topological states. When the system is valley polarized into QAH
domains, adjacent domains carry opposite Chern numbers, thus re-
alizing a network of gapless chiral edge modes. Alternatively, adja-
cent domains may have opposite valley polarizations; the
competition between these possibilities depends on detailed
domain wall energetics (84) and may be probed by an out-of-
plane magnetic field. This situation is similar to the Chern
mosaic in hBN-aligned magic-angle TBG (38, 85). At fractional
filling, an even more exotic possibility is a network of FCI edge
states. A detailed theory of the emergent gapless networks and
their interplay with the correlated topological states in HTG is an
important subject for future works.

While we have mainly discussed HTG in the context of TBG, flat
Chern bands have also been studied in a variety of other C,,-break-
ing graphene structures such as twisted chirally stacked multilayers
(31, 32, 74, 86-88) and periodically strained graphene (35, 89).
Twisted monolayer-bilayer graphene in particular also has C =
+(1, —2). All of these systems have natural chiral limits (64) where
the band wave functions have ideal quantum geometry for FCIs (31,
32, 35, 74, 88). However, for monolayer-bilayer and bilayer-bilayer
graphenes, the exact chiral limit requires ignoring trigonal warping,
and, in its presence, a large displacement field must be added to
flatten the bands and reveal correlated states in experiment (7-9).
In total, these realities likely impair the ideal quantum geometry
for FCIs in these systems. While strained graphene’s chiral-flat C
= 1 band is more robust (35), realizing the strain requires
nanorod engineering (90) or buckling over a C,_-breaking substrate
(91); the latter has only been achieved with the metallic NbSe, (91),
which precludes tuning the density with a gate. Furthermore, HTG
is unique in its supermoiré scale domain walls and gapless edge
modes between C,,7 -related topological states.
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Our results predict a number of experimental signatures. At the
full filling v = +4, we predict a very large charge gap Eg,, ~ 100 meV
in the h-HTG domains. Near the magic angle, we also predict in-
compressible correlated states at integer and fractional fillings.
These incompressible states and their charge gaps can be measured
by capacitance or local compressibility measurements via scanning
single-electron microscopy (15, 36, 37). The Chern number can be
obtained from the evolution of the incompressible states in an out-
of-plane magnetic field via the Streda formula. These correlated to-
pological states will also have signatures in transport experiments.
In devices consisting of a single h-HTG domain, these topological
states will result in a quantized Hall response and are possible at
integer or fractional fillings depending on the flavor polarization.
If multiple h-HTG and h-HTG domains are present, then a quan-
tized Hall response may still be possible if all domains realize the
same Chern number (which would require opposite valley polariza-
tions, as discussed earlier) and if domain walls are gapped. Even if
domains of opposite Chern are present, in micrometer-scale or dis-
ordered devices, contributions from the two domains may not
cancel exactly and can result in a nonquantized anomalous Hall
effect. Furthermore, using scanning nanosuperconducting
quantum interference devices, it should be possible to image the
contrasting magnetization in h-HTG and h-HTG domains and
the resulting Chern mosaic (38). Last, by imaging the microscopic
local DOS through scanning tunneling microscopy, it may be pos-
sible to identify the precise nature of the correlated states (79, 92—
94). These experiments can help to inform future theoretical anal-
yses of the topological states that appear at different fillings, which
will depend on detailed energetics resulting from the complex inter-
play of band geometry, interactions, and kinetic energy.

We have therefore demonstrated that HTG is a unique and ex-
citing platform for realizing strongly correlated topological states,
without the need for substrate alignment. While unrelaxed HTG
forms a supermoiré pattern, we have shown that lattice relaxation
favors the formation of h-HTG, a periodic C,.-breaking single-
moiré superlattice. We identify the relevant continuum model de-
scription for h-HTG and reveal a magic angle at which a pair of flat
topological bands with near-ideal quantum geometry emerges iso-
lated by a large remote bandgap. These flat bands can be traced back
to a chiral limit, which enables a controlled starting point for a
strong coupling approach to correlated topological states. Our
work lays the foundation for future theoretical and experimental
studies of the strongly correlated topological physics in this plat-
form. Note that shortly after submission, a number of related pre-
prints appeared (95-98); our results are consistent where there
is overlap.

MATERIALS AND METHODS

Lattice relaxation calculation details

The in-plane lattice relaxation in HTG is modeled using the method
developed in (53, 54) that works with a continuum approximation
in configuration space. In real space, the starting point is the total
energy density expressed as a sum of intra E; and interlayer E;y terms

Z Ei(r) + Z Ejp(r) (6)
1={123} 1={1,2}

which depend on the local shift field u,(r). We refer readers to (53,

E(r) =
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54) for full details on converting the optimization problem from real
space to configuration space and for the detailed forms of the
elastic energy.

The data shown in Fig. 1 (A and B) are obtained by performing
the energy minimization using a 54 x 54 x 54 x 54 mesh in the four-
dimensional configuration space of the graphene trilayer at 6 = 1.5°.
We use the energetic parameters from ab initio calculations report-
ed in table 1 of (53). The relaxed shift vector in configuration space
is used to extract the real-space shift field u,(r). To obtain the AA,
stacking regions shown in Fig. 1 (A and B), we extract a real-space
map of the relaxed interlayer energy Ej;(r) that is given by the gen-
eralized fault stacking energy (53). We define the bounded dimen-

sionless energy ey (r) = [Ep(r) — Ep]/(Em™ — Epin),  where
E;;,lax(mm) is the maximum (minimum) value of E;(r) over the

entire plotting range, which satisfies 0 < e;r(r) < 1. The AAy stack-
ing regions, being the most energetically costly configuration, cor-
respond to the regions where ey (r) ~ 1. In Fig. 1 (A and B), we plot

the function Iy (r) =3 {1 + tanh {ell'@fgo‘g} } in purple and orange
to identify the AA;, and AA,; regions.
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