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The striking nonlinear effects exhibited by cav-
ity QED systems make them a powerful tool in
modern condensed matter and atomic physics [1–
4]. A recently discovered example is the quan-
tized pumping of energy into a cavity by a
strongly-coupled, periodically-driven spin [5, 6].
We uncover a remarkable feature of these en-
ergy pumps: they coherently translate, or boost, a
quantum state of the cavity in the Fock basis. The
required ultra-strong coupling may be achieved
in a rotating frame. Boosting thus enables the
preparation of highly-excited non-classical cavity
states in near-term optical cavity and circuit QED
experiments.

Energy pumping (also called frequency conversion) is
well understood in the semiclassical regime, when the
cavity is in a coherent state [5–9]. The spin experi-
ences two strong periodically oscillating fields (Fig. 1(a))
– one from the external drive with phase variable ✓1(t) =
⌦t + ✓01, and an effective field from the cavity with
✓2(t) = !t + ✓02. The spin follows this magnetic field
adiabatically, and in so doing winds around the Bloch
sphere. If the frequency ratio ⌦/! 62 Q is irrational,
and the motion of the spin covers the Bloch sphere with
Chern number C 2 Z, then the spin mediates a quantized
average number current into (or out of) the cavity:

[ṅ]t =
⌦

2⇡
C. (1)

We use square brackets [·]x to denote averages over the
variable x, which in Eq. (1) is time.

The instantaneous number current, ṅ(t), is not quan-
tized. It may vary substantially within the periods 2⇡/⌦
and 2⇡/!. Thus, it is remarkable that there are special
times – the almost periods TN = (2⇡/⌦)hN (where hN

is an integer) – at which the number of photons pumped
into the cavity is almost exactly given by [ṅ]TN = ChN ,
regardless of the values of ✓01 and ✓02. At these times,
✓1(t), ✓2(t) and the spin state all return close to their ini-
tial values, with a deviation decreasing like 1/hN . Thus,
an ensemble of spin-cavity states with varying ✓02 will
rephase to form a boosted ensemble with a larger n at
the times TN . This is the semiclassical mechanism un-
derlying cavity state boosting.

Strikingly, the boosting effect persists into the quan-
tum regime of the cavity, and also applies to non-classical
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FIG. 1. (a) Model— A spin coupled to a quantum cavity
with frequency ! and subject to an external periodic drive
of frequency ⌦, such that ⌦/! 62 Q. The frequencies ~!
and ~⌦ are smaller than all other energy scales in the prob-
lem. (b) Cavity state boosting in a Fock state— A plot of the
Fock state occupation P (n) = hn|⇢cav(t)|ni, where ⇢cav(t) is
the reduced density matrix of the cavity, shows rephasings,
marked by blue arrows. These represent the cavity state be-
coming near-Fock with a larger occupation number than the
initial state. Parameters in model (4): ⌦/! = (1 +

p
5)/2,

µBm/~! = µBd/~! = 6, µB0/~! = 1.5, ✓01 = 3⇡/2, initial
state | 0i = |+ix̂|n0i being a product of |+ix̂ (the +S eigen-
state of Sx), and |n0i (a Fock state) with n0 = 10, and spin
S = 1/2 (that is, a two-level system).

initial states. By decomposing the initial non-classical
state into a superposition of coherent states, we relate
boosting in the quantum system to the corresponding
semiclassical effect. An initial product state of the spin
and cavity

| (0)i = |si ⌦
X

n

cn|ni (2)

is, if the spin state is initialized correctly and the distri-
bution of |cn|2 is sufficiently narrow, boosted to

| (TN )i ⇡ |si ⌦
X

n

cn|n + ChN i. (3)
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FIG. 2. (a-d) The photon number distribution P (n) = hn|⇢cav(t)|ni in Fig. 1 at multiples of the period of the classical drive
T = 2⇡/⌦. The distribution broadens from the initial Fock state (a), but narrows again at special times to produce a near-Fock
state again (d). (e-h) The Husimi Q-function Q(↵) = 1

⇡ h↵|⇢cav(t)|↵i. Initially (e) the cavity is in a Fock state, with a circularly
symmetric Q-function. At most times (f, g), the Q-function is displaced from the center of the quadrature plane, and is not
circular. At special times (h) the Q-function is again centered and approximately circularly symmetric about the origin, but
now with a larger radius. The initial radius (n = 10, red) and predicted final radius (n = 22, blue) are marked by dashed
circles for reference. Parameters: as in Fig. 1.

Fig. 1(b) shows that an initial Fock state presents the
boosting phenomenon. At the almost periods, the cav-
ity’s n distribution P (n) = hn|⇢cav(t)|ni narrows sub-
stantially (where ⇢cav(t) is the reduced density matrix
of the cavity). The cavity state has been boosted to an
approximate Fock state with a larger occupation number
(Fig. 2).

More generally, highly-excited non-classical cavity
states (Fock states, cat states, etc.) may be prepared
by boosting states from lower occupations.

Model— We consider a Floquet Jaynes-Cummings
model with a periodically driven spin:

H(t) = ~!n̂ � µ ~Bc(✓1) · ~S +
µB0

2
(âS+ + â†S�). (4)

Here, µ is the spin magnetic moment, B0 is a coupling
strength between the cavity and spin, â(†) are cavity an-
nihilation (creation) operators, and S± are spin raising
(lowering) operators. The spin is driven by a circularly
polarized classical field:

~Bc(✓1) = (Bm � Bd sin ✓1)x̂ + Bd cos ✓1ẑ. (5)

The model (4) may be achieved in a rotating frame.
Semiclassics— The related semiclassical model is ob-

tained by taking the expectation value of H in a cavity
coherent state |↵i = |

p
ne�i✓2i, giving an effective model

for the spin alone

He↵(✓1, ✓2, n) = h↵|H|↵i � ~!n = �µ ~Be↵ · ~S, (6)

where

~Be↵(✓1, ✓2, n) = (Bm � Bd sin ✓1 � B0
p

n cos ✓2)x̂

� B0
p

n sin ✓2ŷ + Bd cos ✓1ẑ (7)

is related to the BHZ model [10, 11]. For now, we assume
that the motion of the cavity is unaffected by the spin,
so that ✓2(t) = !t + ✓02 rotates at a constant angular
velocity. This occurs in the limit n ! 1 with B0

p
n =

O(1).
The spin model (6) has been shown to exhibit energy

pumping in the adiabatic limit, where ~⌦ and ~! are
much less than all other energy scales in the problem [5].
In particular, µB0

p
n/~! � 1 so that the cavity and

spin are in the ultra-strong coupling regime [12]. Energy
pumping proceeds with C = ±1 if the spin is initially
aligned with the field, ⌦/! 62 Q is irrational, and (|Bm|�
|Bd|)2 < B2

0n < (|Bm| + |Bd|)2 [6].
In this regime, the spin follows the effective field,

h~Si = SB̂e↵ + O(⌦). Calculating the instantaneous rate
of change of n using ~ṅ = �h@✓2He↵i gives [8]

~ṅ(✓1, ✓2, n) = µS@✓2 | ~Be↵ | + ~⌦F + O(⌦2), (8)

where

F = SB̂e↵ · (@✓1B̂e↵ ⇥ @✓2B̂e↵), (9)

is the Berry curvature of the spin state aligned to the
field ~Be↵ [13].



3

0 � 2��02

10

20

30

n

(a) �/� = 1
2 (1 +

�
5)

0 2 4 6 8 10 12 14
�t/2�

10

20

30

n

(b) �/� = 3
2

100 101 102

�TN/2�

10�3

10�2

10�1

100

101

V
ar

[n
]

(c) �/� = 3
2

�/� = 1
2 (1 +

�
5)

FIG. 3. Semiclassical rephasings— The prediction for the
Fock occupation number n(t) (10) for an ensemble of initial
phases ~✓0 and a (a) quasiperiodic and (b) periodic drive. Both
show rephasings at their almost periods and periods respec-
tively. (c) Inspecting the variance of n(t) between N✓ = 32
different values of ✓02 shows that the rephasings improve in
quality with increasing TN for quasiperiodic drives, but decay
linearly for periodic drives.

We neglect the effect of the changing cavity population
n on the spin dynamics, and so fix n = n0 in the right
hand side of Eq. (8). This is justified if the right hand
side of Eq. (8) changes slowly with n. Then the change
in cavity population

�n(t, ~✓0, n0) =

Z t

0
ṅ(~✓s, n0)ds (10)

is computed as the integral of a quasiperiodic function
over the trajectory ~✓t = (✓1(t), ✓2(t)) on the torus. As
⌦/! is irrational, this trajectory densely fills the torus
as t ! 1, and the integral (10) approximates the uni-
form integral of ṅ over the torus. At the almost peri-
ods, TN , the trajectory comes close to its initial position
(~✓TN ⇡ ~✓0), and Eq. (10) approximates the uniform inte-
gral especially well:

�n(TN , ~✓0, n0) =
TN

(2⇡)2

Z
ṅ(~✓, n0)d

2✓ + O(T�1
N )

=
⌦TN

2⇡
C + O(T�1

N ). (11)

These almost periods may be computed from the contin-
ued fraction expansion of ⌦/! (Appendix A) [14].

Crucially, Eq. (11) implies that �n(TN ) is only O(T�1
N )

different between trajectories with different initial con-
ditions ~✓0. An ensemble of spins initiated in coherent
cavity states with different ✓02 will each pump the same
number of photons into the cavity at the almost periods,
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FIG. 4. Alignment of spin and field.— (a-c) Cavity Q-
functions for different initial states, |+ix̂| 0i, with: (a) | 0i =
|n = 10i a Fock state, (b) | 0i = |↵ =

p
10i a coherent state,

and (c) | 0i / |↵ =
p
10i+ |↵ = �

p
10i a cat state. (d) The

expectation value M = h ~B · ~Si/
q

h ~B2i quantifies how closely
aligned the spin is to an effective cavity field in a basis of
coherent states. We see that M remains close to its extremal
value of �S. Parameters: as in Fig. 1.

with a correction which decays as larger almost periods
are considered (Fig. 3). We say the ensemble rephases.

In contrast, if ⌦/! = p/q 2 Q are rationally related [5,
15], then trajectories do not densely fill the torus, and the
long-time averages [ṅ]t depend on ~✓0, so that rephasings
at subsequent periods TN = N(2⇡/⌦)p decay in quality
linearly with TN .

Quantum— The rephasing of the classical ensemble of
states initiated with different ✓02 can be used to explain
cavity state boosting in the full quantum model (4). An
arbitrary initial state | (0)i of the spin and cavity can be
decomposed into a superposition of coherent states |↵i =
|
p

ne�i✓2i and spin states |miB̂eff
(m 2 {�S, . . . , S})

quantized along the axis B̂e↵ defined by n and ✓2. For
the simplest case of a spin-1

2 , we have

| (0)i =

Z
d2↵

h
c+(↵)|+iB̂eff

+ c�(↵)|�iB̂eff

i
|↵i,

(12)
where d2↵ is a normalized measure on the coherent
states [16]. When c� ⇡ 0, the initial state is approxi-
mately a superposition of states where the spin is aligned
with an effective field ~Be↵ . The dynamics of each com-
ponent of this superposition can then be described semi-
classically. The requirement c� ⇡ 0 is typically unre-
strictive, and for the model (4) an initial product state
| (0)i = |+ix̂| 0i is sufficient.

In each component of the superposition (12), the dy-
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namics of the spin is described by the semiclassical de-
scription leading to Eq. (11) – the spin remains aligned
with the effective field as it evolves under the cavity dy-
namics (Fig. 4). Thus, at the almost periods the spin
will return to its initial state in each component of the
superposition, while the cavity coherent state returns to
the same angular position ✓2(TN ) ⇡ ✓02 but with a larger
n(TN ) ⇡ n0 + TN [ṅ]t.

Furthermore, the quantum mechanical phase accumu-
lated by each component may be expressed within the
semiclassical approximation as the integral of the energy.
In the c+ components of Eq. (12), this is

�(t, ~✓0, n0) =
1

~

Z t

0

⇣
~!n0 � µS| ~Be↵(~✓s, n0)|

⌘
ds. (13)

The phase � is also an integral of a quasiperiodic func-
tion, just as �n in Eq. (10). Thus, �(TN , ~✓0, n0) rephases
at the almost periods TN , becoming almost ~✓0 indepen-
dent. This extends our observations about rephasings in
a classical ensemble to rephasings in the full quantum
superposition.

The result of this rephasing is the boosting phe-
nomenon: at the almost periods TN , the quantum state
of the cavity rephases to form a state which has been
boosted in the Fock basis, as described in Eq. (3) (up to
a global phase).

Approximations— We have neglected several effects
in the above arguments. We enumerate these approxi-
mations below, and determine the regime in which the
boosting phenomenon survives.

The most significant feature we have neglected is that
the Fock occupation n(t) changes with time, which in
turn affects the integrand in Eq. (10). Appendix B shows
that the consequent deviation from perfect rephasings
scales as

p
n(TN )�p

n0. For a constant boost ChN , this
error is O(n�1/2

0 ), and thus can be reduced by increas-
ing the initial cavity population n0. The accumulated
phase (13) depends on n linearly, but for equal initial n0,
the linear term only contributes a global phase, so simi-
lar estimates hold for the phase as for n. Our numerical
simulations of the model (4) show that these estimates
are likely pessimistic for short times, where we see the
quality of the rephasings improve with time.

The cavity’s coupling to the spin also affects the evolu-
tion of the phase ✓2(t) = �arghâ(t)i in a coherent state.
The most significant effect here is a renormalization of
the cavity frequency to !0 = ! + �!, as �! has an ⌦ in-
dependent contribution that can be non-negligible even
deep in the strong coupling regime. This correction must
be accounted for in order to correctly predict the almost
periods (Appendix A), but does not affect the quality of
the rephasings.

The rephasings are of highest quality when the distri-
bution P (n) = hn|⇢cav(0)|ni is narrow in n, as compo-
nents of Eq. (12) with different n0 can dephase rapidly.
Indeed, Appendix B shows that the rate of dephasing is
proportional to the width of the distribution P (n). For-

tunately, many non-classical states of interest have es-
sentially a single n0 value, including Fock states and cat
states.

The initial state of the spin and classical drive should
furthermore be chosen so as to minimize the magnitude
of the c� component in the decomposition (12). In gen-
eral, this would involve preparing a complicated entan-
gled state of the spin and cavity, so as to align the spin to
~Be↵ for all ✓02. For the model (4), initiating the classical
drive with ✓01 = 3⇡/2 ensures B̂e↵ is close to x̂ for all
values of ✓02. The c� component is minimized just by
preparing a product state with the spin polarized along
x̂.

Experimental considerations— Cavity boosting re-
quires a periodic classical drive, which is routine in essen-
tially all experimental architectures. It also requires that
~⌦ and ~! be the smallest energy scales in the problem,
which, naively, necessitates ultra-strong coupling [12, 17–
19]. However, it is possible to avoid the requirement of
ultra-strong coupling, and achieve the required hierarchy
of scales, by transforming to a rotating frame.

Assuming one can experimentally realize an appropri-
ate classical drive near the cavity resonance, a typical lab
frame cavity-QED Hamiltonian takes the form [1–4]

Hlab/~ = !cavn̂ + (!q + f(t))Sz + g(â + â†)Sx

+ 2V (t) cos(!qt)Sx, (14)

where f and V are slowly varying modulations of the spin
frequency and driving amplitude respectively.

Making a rotating frame transformation | i ! U | i
with U(t) = exp[i!qt(n̂+Sz)], and dropping terms which
oscillate rapidly with frequency 2!q, produces a Hamil-
tonian

Hrot/~ = (!cav � !q)n̂ + f(t)Sz

+ g(âS+ + â†S�) + V (t)Sx, (15)

at leading order in !�1
q . Making the identifications

!cav � !q = !,

~f(t) = �µBd cos(⌦t),

~g = �µB0/2,

~V (t) = �µ(Bm � Bd sin(⌦t)) (16)

reproduces Eq. (4) in the rotating frame. As the transfor-
mation U only rotates the phase space quadratures of the
cavity, boosting in the rotating frame implies boosting in
the lab frame.

Boosting requires a hierarchy of scales in the rotating
frame which circumvents the need for ultra-strong cou-
pling:

!cav � !q, ⌦ ⌧ f, g, V ⌧ !q. (17)

This hierarchy is achievable in a variety of microwave-
frequency superconducting architectures, where natu-
rally high coupling strengths, on the order of 100 MHz,
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and lifetimes in excess of 100 µs provide an ample win-
dow for the required slow drive timescales !cav � !q and
⌦ [3, 4]. It is also possible to satisfy this hierarchy in
optical cavity QED, although the achievable separation
of scales between dissipation rates and light-matter cou-
plings is typically smaller [1, 2].

Discussion— Cavity state boosting allows the prepa-
ration of non-classical states of a quantum cavity with
larger occupation number n than may otherwise be pos-
sible. The potential to realize boosting in optical cavities
is particularly intriguing, as deterministic generation of
even single photons is challenging in this regime.

Boosting is topological, in the sense that it occurs
even if the instantaneous Hamiltonian is continuously de-
formed, provided the drive frequency ⌦ remains incom-
mensurate to the cavity frequency. Changing the param-
eters of the Hamiltonian may alter the positions of the
almost periods, but will not change the fact that they
occur.

Boosting is also prethermal. At very long times, nona-
diabatic processes cause the spin to no longer be aligned
with the effective field, destroying the energy pump-
ing effect [7, 8]. However, at earlier times, n exceeds
(Bm + Bd)2/B2

0 , and so exits the topological pumping
regime [6].

There is a close analogy between rephasings and Bloch
oscillations. Electronic wavepackets in an electric field
show center-of-mass oscillations, and coherently expand
and contract [20]. If the packet also has a non-zero Hall
velocity, then at Bloch periods it has the same shape, but
is translated perpendicular to the electric field – that is,
it has been boosted. This analogy can be made precise
through the construction of synthetic dimensions, and

the frequency lattice [21–26].
If photon losses in the cavity, or dephasing of the qubit,

are significant, boosting degrades in quality. As the rate
of photon loss from the cavity increases with increasing n,
the cavity populations achievable with boosting (and all
methods) are limited by the cavity quality factor. Qual-
ity factors larger than 106 have been reported in many
architectures [27–29].

Boosting offers a qualitatively distinct method of
preparing highly non-classical states – for instance, Fock
states – compared to current methods [30–32]. Presently,
preparing Fock states requires detailed and precise con-
trol of the coupled spin [30–32]. In contrast, boosting
has an immensely simpler drive protocol for the spin – a
sine wave in Eq. (4).

Boosting also provides a way of preparing cat states
for use in bosonic encoded qubits [33–39]. Remarkably,
the drive protocol to boost a cat state is the same as
for a Fock state. Indeed, boosting does not require any
knowledge of the current state of the cavity.
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Appendix A: Predicting Rephasings

In this appendix, we predict the almost periods TN at
which cavity state boosting occurs.

1. Renormalization of Cavity Frequency

The almost periods are determined by the ratio of the
classical drive frequency ⌦ and the cavity frequency. The
cavity frequency is renormalized from its bare value !
by the coupling to the spin, and the correction in the
renormalized value !0 = ! + �! can be significant.

In this section, we calculate the leading correction
�!0. Implicit in this statement is the assumption that
the phase of the cavity advances approximately linearly,
✓2(t) = �argh↵|â(t)|↵i ⇡ !0t + ✓02 with |↵i an initial
coherent state. We also assess this assumption below.

In the adiabatic limit, the correction can be calculated
by assuming the spin is always aligned to the instanta-
neous effective field ~Be↵ , so that h~Si = SB̂e↵ . Making
this replacement in Eq. (4) gives an effective Hamiltonian
for the cavity [9]

Hcav = ~!n̂ � µS| ~Be↵ |. (A1)

To extract a frequency from this Hamiltonian, we
would like to find the !0 so that

h[â, Hcav]i = ~!0(n, ✓1, ✓2)hâi, (A2)

in a coherent state |↵i = |
p

ne�i✓2i. A straightforward
way to do this is to replace (â, â†) by

p
n(e�i✓2 , ei✓2) and

compute ~!0 = @nHcav. This provides a renormalized
frequency as a function of n, ✓1, ✓2, and the parameters
of the model. Observe that this correction need not go
to zero as ! decreases.

More explicitly, we have �! = !0�! = �!0+⌦�!1+. . .,
where the constant order correction

�!0(n, ~✓) = �µS

~
~Be↵ · @n ~Be↵

| ~Be↵ |
, (A3)

is sufficient for our purposes.
Furthermore, if �!0 varies slowly with n in comparison

to ~✓, then we can make a quasistatic approximation in
replacing �!0 with its average over ~✓, which we denote
with square brackets, [�!0]~✓. The average [�!0]~✓ controls
the motion of an ensemble of coherent states with dif-
ferent initial phases ✓02. We are neglecting fluctuations
around this average drift in ✓2.

Specifically, for the parameters in Fig. 1, we find

[�!0]~✓/! = �5.52 . . . ⇥ 10�2. (A4)

This prediction for the correction to the frequency can
be compared to data. We compute ✓2(t) = �arghâ(t)i
for several initial coherent states and compare the curve
to the linear prediction (A4). Fig. 5 shows both the

0 2 4 6 8 10 12 14
�t/2�

�3

�2

�1

0

� 2
(t

)
�

(�
t
+

� 0
2
)

FIG. 5. Correction to cavity frequency— The bare cavity
frequency is corrected from ! by the coupling to the spin.
Measuring ✓2(t) = �arghâ(t)i for N✓ = 8 initial coher-
ent states (red) shows that ✓2(t) differs from the bare pre-
diction of !t + ✓02. The leading correction gives ✓2(t) =
(! + [�!0]~✓)t+ ✓02 (A4) (black dashed), and predicts the ini-
tial behavior of ✓2(t) accurately up to ⌦t/(2⇡) ⇡ 10. As
the correction is n-dependent, and n varies due to pumping,
✓2(t)�(!t+✓02) deviates from the correction [�!0]~✓t at longer
times. Parameters: as in Fig. 1.

deviation of ✓2(t) from the bare value of !t + ✓02 and
the predicted average correction [�!0]~✓t. The predicted
correction accounts for the early-time average motion of
✓2(t) across different initial phases ✓02. At moderate and
late times ✓2(t) deviates from being linear, as pumping
causes n to change with time, and this in turn affects
the instantaneous frequencies. At the time scales we are
considering, this deviation is insignificant.

At longer time scales, this drift in [�!0(n)]~✓ does not
destroy the rephasings; their presence relies on ergodicity
of (✓1(t), ✓2(t)) in the torus, which is generic. However,
if [�!0(n)]~✓ drifts too far from [�!0(n0)]~✓, then the al-
most periods become less predictable. Essentially, one
must simulate the evolution beforehand and identify the
almost periods from numerics, or use a more refined ap-
proximation which takes this drift into account. This
is not necessary when the unaccounted drift in ✓2(t) re-
mains small compared to 2⇡.

2. Almost Periods

There are well-established methods for predicting the
almost periods from the corrected frequencies (⌦,!0). In-
deed, the almost periods relate to the convergents and
semiconvergents of the ratio ⌦/!0 = � [14].

If � has continued fraction expansion

� = a0 +
1

a1 + 1
a2+···

(A5)

then the convergents, which are the best rational approx-
imation to �, may be calculated as hN/kN , where

hN = aNhN�1 + hN�2, and kN = aNkN�1 + kN�2

(A6)
are defined recursively, with (h�2, h�1) = (0, 1) and
(k�2, k�1) = (1, 0). These rational approximations are
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“the best” in the sense that, for any other rational p/q
with 0 < q  kN , we have

|kN� � hN | < |q� � p|. (A7)

The almost periods of the drive with frequencies (⌦,!0)
are given by

TN =
2⇡

⌦
hN ⇡ 2⇡

!0 kN (A8)

Rephasing of a cavity state occurs at any of the almost
periods.

The semiconvergents

hN,m

kN,m
=

mhN + hN�1

mkN + kN�1
(A9)

also serve as rational approximations to �. Here, m is
an integer with 0 < m < aN+1. These rational approxi-
mations obey a weaker condition than Eq. (A7): for any
p/q with 0 < q  kN,m, we have

����� � hN,m

kN,m

���� <

����� � p

q

���� . (A10)

The semiconvergents also have associated almost periods,

TN,m =
2⇡

⌦
hN,m. (A11)

For the parameters in Fig. 1, we have a correction to
the frequency given by Eq. (A4), and a corresponding
corrected ratio

⌦

!0 ⇡ ⌦

! + [�!0]~✓
= 1.71... (A12)

and hence a continued fraction expansion

[a0; a1, a2, a3, . . .] = [1; 1, 2, 2, . . .], (A13)

and almost periods

h0 = 1,

h1 = 2, h1,1 = 3,

h2 = 5, h2,1 = 7,

h3 = 12 . . . (A14)

These are the almost periods plotted in Fig. 1. They
accurately predict the times at which rephasing occurs,
though the rephasing for the convergent h0 = 1 is of very
poor quality, as is that of its associated semiconvergent
h1,1 = 3.

If we had not first calculated the correction to the
cavity frequency, the predicted almost periods would be
given by Fibonacci numbers. The last two almost periods
would be incorrect in that case, with a bare prediction of
h = 8, 13, rather than h = 7, 12.

Appendix B: Quality of Rephasings

In this appendix, we estimate the scaling of the quality
of rephasings with TN , both in the semiclassical picture
and including effects of the spin on the cavity dynamics
in the large n regime.

1. Semiclassical Picture

In the coarsest semiclassical approximation to the evo-
lution of the coupled spin-cavity system, the rephasings
at the almost periods improve monotonically. As dis-
cussed in the main text, the rephasings occur because
integrals like

A(TN , ~✓0) =

Z TN

0
a(~✓t)dt, (B1)

become approximately ~✓0 independent at the almost pe-
riods TN . Such integrals give, for instance �n(TN ) and
�(TN ).

As the trajectory ~⌦t+~✓0 is dense in the ~✓ torus, at the
almost periods we have

A(TN , ~✓0) =

Z
a(~✓)d2✓ + O(1/TN ) (B2)

where the error estimate O(1/TN ) comes from estimating
the perpendicular distance between the closest windings
of the trajectory around the torus. This can be checked
numerically by integrating Eq. (B1) for different initial
✓02, as shown in Fig. 3 for A = �n.

This improvement of the subsequent rephasings is
a property characteristic of quasiperiodic systems. If
⌦/! 2 Q, so that the system is periodic, then rephas-
ings at subsequent periods get worse. In this case, the
trajectory does not densely cover the torus, so at the
period T we have

A(T, ~✓0) =

Z
a(~✓)d2✓ + O(1/T ), (B3)

as before. However, at subsequent periods NT , we have

A(NT, ~✓0) = NA(T, ~✓0) = N

Z
a(~✓)d2✓ + O(N/T ).

(B4)
As the trajectories ~✓t do not densely cover the torus,
A(T, ~✓0) depends on ~✓0. This results in a deviation
of A(NT, ~✓0) from the average value (2⇡)2N [a]~✓ which
grows linearly in time. This is also visible in Fig. 3.

2. Including the Effect of the Spin

To include the effect of the coupling to the spin on
the cavity dynamics, still at a semiclassical level, we can
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augment Eq. (B1) with a dependence of the integrand on
n(t).

A(TN , ~✓0, n0) =

Z TN

0
a(~✓t, n(t))dt. (B5)

Both Eqs. (10) and (13) are of this form.
The leading n dependence in Eq. (B5) for large n � 1

is at the order
p

n (from Eq. (8)):

a(~✓t, n) = a0(~✓t) + a1(~✓t)
p

n + · · · . (B6)

Here, “· · ·” denotes higher order (in ⌦ or n�1) terms we
neglect.

Furthermore, the average of a1 vanishes, [a1]~✓ = 0. For
Eq. (10), this follows from the statement that the aver-
age pumping rate does not depend on n (except where
it changes as a step function when the Chern number
changes). Then we may express

a1 = ~⌦ · rA1(~✓). (B7)

Integrating by parts gives

A = [a0]~✓TN + A1(~✓TN )
p

n(TN ) � A1(~✓0)
p

n0 + · · ·

= [a0]~✓TN + A1(~✓0)
⇣p

n(TN ) �
p

n0

⌘
+ · · · , (B8)

where we again dropped terms higher order in n�1 and
used A1(~✓TN ) = A1(~✓0) + O(1/TN ).

Comparing the value of A between trajectories with
different initial ~✓0 and equal n0 gives

A(TN , ~✓0, n0) � A(TN , ~✓00, n0)

⇡
⇣
A1(~✓0) � A1(~✓

0
0)

⌘ ⇣p
n(TN ) �

p
n0

⌘
. (B9)

In words, the rephasings in A have a width which broad-
ens like

p
n(TN ) � p

n0 = O(
p

TN ), to leading order
in n and ⌦. Then it is consistent to use n(TN ) =
n0 + ChN + O(

p
TN ). Considering a constant target in-

crease �n = ChN , we have, for increasing n0,

A(TN , ~✓0, n0) � A(TN , ~✓00, n0)

⇡
⇣
A1(~✓0) � A1(~✓

0
0)

⌘ ChN

2
p

n0
. (B10)

The width may thus be reduced by taking n0 larger.
The integrand for the accumulated phase (13) involves

a term !n(t) with O(n) dependence. However, only
phase differences are physically meaningful. Eq. (B8),
applied to �n, shows n(t) = [ṅ]~✓t + O(

p
n), so that the

n dependence in the integrand of

�(t, ~✓0, n0) � �(t, ~✓00, n0) =
1

~

Z t

0

⇣
~!O(

p
n(s))

�µS(|Be↵(s, ~✓0)| � |Be↵(s, ~✓00)|)
⌘

ds (B11)

cancels at O(n). Then the phase difference obeys the
condition (B6), and so Eq. (B9) applies.

As we have observed in the main text, boosting works
best for initial states with a narrow distribution P (n) =
hn|⇢cav|ni, as we now investigate. Considering states
with differing n0 gives, for quantities obeying the con-
dition (B6),

A(TN , ~✓0, n0) � A(TN , ~✓00, n
0
0)

⇡ A1(~✓0)
⇣p

n(TN , n0) �
p

n0

⌘

� A1(~✓
0
0)

✓q
n(TN , n0

0) �
p

n0
0

◆
. (B12)

The right hand side still asymptotically broadens
as O(

p
TN ) for large TN , and can be reduced as

O(n�1/2
0 , (n0

0)
�1/2) with increasing n0 and n0

0. The ac-
cumulated phase, which does not obey (B6), is more
severely affected by differing values of n0. A phase dif-
ference with differing initial values of n diverges linearly
in time:

�(TN , ~✓0, n0) � �(TN , ~✓00, n
0
0) ⇡ !(n0 � n0

0)TN . (B13)

For general non-classical initial states, this makes the
condition of having a narrow initial distribution P (n) =
hn|⇢cav|ni quite strict. An error on the order of 2⇡ can
accumulate in the phase within just a few periods.

In short time numerics, we see rephasings in Fock
states improve with TN (Fig. 9). This is likely because
the short time behavior is still dominated by the O(1/TN )
improvement in quality derived in Appendix B 1. It is
also possible that higher-order terms we have neglected
in the above estimates conspire to suppress the error be-
low our prediction for moderate ⌦ and n0.

Appendix C: Comparing Semiclassical and Quantum
Evolution

The core of our understanding of cavity boosting is
semiclassical. In this appendix we enumerate the vari-
ous levels of semiclassical approximation we employ, and
numerically compare them to quantum evolution.

1. Semiclassical Evolution

The coarsest description of the spin-cavity dynamics
treats the cavity as completely classical when it begins
in a coherent state, and neglects the effects of the spin on
the cavity. Then the state of the cavity – now a classical
drive – is prescribed:

n(t) = n0, and ✓2(t) = !0t + ✓02. (C1)

The cavity occupation is constant, and the angular mo-
tion progresses at a constant angular frequency !0 (which
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FIG. 6. Comparison of semiclassical evolution to quantum
evolution— The cavity occupation from exact quantum evo-
lution in an initial Fock state (grey image) and the pre-
dicted n(t) from integrating Eq. (C4) (red) for N✓ = 8
different initial phases ✓02, assuming a constant frequency
✓2(t) = !0t + ✓02. The semiclassical equations reproduce the
qualitative features of the quantum evolution, including aver-
age pumping and rephasings. Parameters: as in Fig. 1, with
!0 = ! + [�!0]~✓ as in Appendix A.

may be corrected from the bare !, see Appendix A 1). If
⌦/!0 62 Q, the resulting spin model

He↵ = �µ ~Be↵(✓1, ✓2, n) · ~S (C2)

is of a quasiperiodically driven spin, as studied in
Refs. [5, 7, 8]. It exhibits energy pumping and implies
the presence of rephasings, as described in the main text.
The solution for �n in the adiabatic limit of this model
is shown in Fig. 3. It reproduces the qualitative features
of energy pumping and boosting.

Some component of the effect of the spin on the cav-
ity may be accounted for by explicitly accounting for the
change in n(t) implied by the pumping. That is, by solv-
ing the differential equation for n,

~ṅ(t) = �h (t)|@✓2He↵(✓1, ✓2, n)| (t)i, (C3)

with the initial condition n(0) = n0. In the adiabatic
limit, this may be approximated as

~ṅ(✓1, ✓2, n) = µS@✓2 | ~Be↵ | + ~⌦F, (C4)

where F is a Berry curvature. We still prescribe that
✓2(t) = !0t + ✓02.

In Fig. 6 we compare the evolution of n(t) given by
Eq. (C4) to the full quantum evolution in a Fock state.
It is clearly visible that the semiclassical approximation
captures both the qualitative and, to some extent, quan-
titative aspects of the quantum evolution.

At a further level of complication, we could include the
effect of the spin on both n(t) and ✓2(t), but continue to
treat the cavity as classical. This is not an approximation
we have considered here.

2. Quantum Evolution

Lastly, making no approximation, we can consider the
full quantum evolution. This regime we investigate nu-
merically.

Our understanding of this regime is still based on semi-
classical notions. Namely, we decompose an arbitrary
initial cavity state into a superposition of coherent states
with spin states aligned to ~Be↵ , and consider the evolu-
tion of each component of the superposition individually.
In our semiclassical arguments, we assume that these
states remain tensor products of cavity coherent states
and polarized spin states, and that we can understand
the properties of the superposition state by considering
an ensemble of coherent states. We investigate each of
these assumptions below, and find that they are valid.

a. Coherent State Dynamics

In the semiclassical limit of n ! 1 with µB0
p

n =
O(1), the effect of the qubit on the cavity is negligible,
and the cavity is well-approximated as being harmonic
at times short compared to ~

p
n/µB0S. (This timescale

comes from comparing the cavity energy ~!n to the spin
energy µB0S

p
n.) In this regime, an initial coherent state

|↵i evolves to another coherent state |↵(t)i. This is the
assumption we make in treating the cavity semiclassi-
cally.

In our numerics, and in any experiment, we are not
strictly in this regime. Nonetheless, Fig. 7 shows quali-
tatively that an initial coherent state evolves into a state
which is well-localized in the cavity quadratures.

Visualized in terms of the Husimi Q-function, Q(↵) =
1
⇡ h↵|⇢cav(t)|↵i remains well-localized in ↵. In particular,
a spin strongly coupled to the cavity still follows a field
~Be↵ closely, where ~Be↵ is determined by the center-of-
mass of Q. Some broadening of Q into a “banana” shape
is visible along the circle of constant |↵|2, but for our pa-
rameters and time scales this broadening remains small.

2 3 4 5 6
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Im
[�

]
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2 3 4 5 6
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(b) t = 12T
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FIG. 7. Q-functions of an initial coherent state— (a) Q-
function Q(↵) = 1

⇡ h↵|⇢cav(t)|↵i at t = 0 and (b) t = 12T .
The initially coherent state, | (0)i = |↵ =

p
10i evolves to

a state which is not exactly coherent, but with a Q-function
well-localized in ↵.
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FIG. 8. Entanglement between the spin and cavity— In an
initial coherent state with ✓02 = 0 (red) the spin and cavity
remain largely unentangled. In contrast, an initial Fock state
(black) periodically entangles with the spin. Parameters: as
in Fig. 1.

b. Cavity-Spin Entanglement

With ultra-strong coupling, the entanglement entropy
between the cavity and spin is generically expected to
grow quickly. Fig. 8 shows that this is indeed what oc-
curs for an initial Fock state, which reaches the maximal
possible entropy of Sent = log 2 within one period of the
classical drive. Even so, an initial coherent state in the
cavity develops little entanglement.

Both these observations are consistent with our de-
scription of the dynamics – that the quantum state of
the full system is a superposition of coherent states ten-
sor multiplied by spin states aligned to an effective field.
For an initial coherent state, this superposition consists
of just one term, so the spin remains in a product state
with the cavity. The slight growth in the entanglement
entropy for an initial coherent state shows that this pic-
ture is not exact, but that it is an effective description of
the dynamics at short times (Appendix C 2 a).

In a Fock state, when ✓1(t) = 3⇡/2 in the model (4),
the effective field B̂e↵ does not vary much with ✓2. Then
the Fock state may be thought of as a superposition of
states |+iB̂eff

|↵i where all the spins point approximately
in the x̂ direction. This results in a dip in Sent with a
frequency ⌦. On the other hand, when B̂e↵ varies greatly
with ✓2 the entanglement between the spin and cavity
becomes very large – indeed, Fig. 8 shows it reaches log 2.

c. Coherent State Ensembles

In Fig. 9 we investigate our final assumption – that
the evolution of an ensemble of initial coherent states
captures the evolution of a superposition state.

Namely, we compare a metric for rephasing in the en-

semble – the maximum distance k~✓t � ~✓0k within the en-
semble – to the participation ratio (PR) of an initial Fock
state and the maximum fidelity of an initial cat state. We
find that rephasings in the coherent state ensemble co-
incide with rephasings of the other non-classical states.
This shows empirically that our semiclassical picture of
the quantum dynamics is effective.
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FIG. 9. Comparison of coherent state ensemble to non-
classical state evolution— We compare metrics of rephas-
ing in non-classical states to rephasing in an ensemble of
N✓ = 8 initial coherent states with constant n0 and vary-
ing ✓02, with spins initially aligned to ~Be↵ . Predicted al-
most periods are marked as purple lines. Dashed lines cor-
respond to semiconvergents (Appendix A 2). (a) The dis-
tance �✓(t) = max✓02 k~✓t � ~✓0k has a local minimum at al-
most periods of the quasiperiodic drive with frequencies ⌦
and !0. (The additional minimum at t = 10T may be an
artifact of the almost period at t = 5T , or may be due to
✓2(t) not being a linear function of time in the quantum sys-
tem.) (b) The ensemble rephasings coincide with rephasings
of a boosted Fock state, as measured by the participation
ratio PR = 1/

P
n P (n)2. The participation ratio is 1 in

a Fock state, and drops below 2 at all of the marked al-
most periods except t = T, 3T . (c) The rephasings of an
initial cat state at almost periods are not as clear, possi-
bly because of the metric we use. We use the maximum
fidelity: 1 � fmax = 1 � max↵2Rhcat(↵)|⇢cav|cat(↵)i, where
|cat(↵)i / |↵i + | � ↵i is an even superposition of coherent
states. There are minima in this quantity close to the almost
periods, with the almost period at t = 12T being particularly
prominent. Parameters: as in Fig. 1.


