Tunable electron-phonon interactions in long-period superlattices
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The efficiency of optical emitters can be dramatically enhanced by reducing the effective mode
volume (the Purcell effect). Here we predict an analogous enhancement for electron-phonon (el-ph)
scattering, achieved by compressing the electronic Wannier orbitals. Reshaping of Wannier orbitals
is a prominent effect in graphene moiré superlattices (SLs) where the orbitals are tunable by the
twist angle. A reduction of the orbital effective volume leads to an enhancement in the effective
el-ph coupling strength, yielding the values considerably bigger than those known for pristine monolayer graphene. The enhanced coupling boosts the el-ph scattering rates, pushing them above the
values predicted from the enhanced spectral density of electronic excitations. The enhanced phonon
emission and scattering rates are manifest in the observables such as electron-lattice cooling and the
linear-T resistivity, both of which are directly tunable by the moiré twist angle.

The discovery of tunable flat-band systems in twisted
van der Waals heterostructures [1–6] has prompted many
interesting questions about using the novel twist angle degree of freedom to tune and control the interactions between elementary excitations and the resulting
ordered states [7–12]. It was understood early on that
the high density of states alters electronic compressibility and screening of Coulomb interactions [13]. Relatively
little, however, is known about how the electron-phonon
(el-ph) interactions change in these systems [13–16]. Here
we point out that an enhancement in the electron-phonon
interaction analogous to the Purcell effect in optics —
tunability of photon emission rates through changing an
effective photon mode volume [17, 18] — can be realized
for electrons in superlattices (SLs) through engineering
the Wannier orbital volume and shape. These effects
are particularly interesting in graphene moiré SLs where
Wannier orbitals can be tuned by the twist angle. We
demonstrate that the el-ph coupling strength, enhanced
by reshaping the orbitals, can be substantially larger than
the values known for monolayer graphene. As an illustration of this general behavior, we present a detailed analysis of two effects that are currently under active investigation: the electron-lattice cooling and phonon-mediated
linear-T resistivity. We find that, in both cases, the elph coupling enhanced by Purcell-like effects translates in
a dramatic enhancement of the measurable cooling and
momentum relaxation rates.
Transport measurements in moiré graphene uncovered
a surprising behavior indicating that the el-ph interaction in this system may differ substantially from that in
pristine graphene. At low temperatures, moiré graphene
hosts a rich variety of correlated states, superconducting and insulating, showing a complicated dependence
on the carrier density and twist angle [7–10]. At higher
temperatures, however, this rich picture gives way to a
simple “universal” linear-T behavior: a resistivity that

grows approximately linearly vs. T with an abnormally
steep slope [19]. In part, this steep T dependence can
be understood from an enhancement in the el-ph scattering rates due to a high density of electronic states in
flat bands. However, there remains a significant departure of the measured T dependence from that expected
from microscopic models if the el-ph interaction strength
in moiré graphene is taken to be the same as in pristine
graphene. Strikingly, the observed T dependence is almost an order of magnitude steeper than that predicted
by simple estimates [20–22]. This observation has led
to a conjecture that the el-ph coupling is enhanced due
to some not-yet-known effects [19]. Our work provides
a simple explanation of these observations in terms of a
Purcell enhancement of el-ph interaction due to the reshaping of Wannier orbitals. We also predict a similar
enhancement in the electron-lattice cooling rates. The
latter, if measured experimentally, will provide an independent confirmation of the Purcell enhancement mechanism.

PURCELL EFFECT AND UMKLAPP
SCATTERING

The significance of compact Wannier orbitals can be
understood from a comparison to photon emission in
atomic physics, which is directly proportional to the local density of optical states [18]. Replacing electron orbitals in atoms with Wannier orbitals—and photons with
phonons—we expect the phonon emission rate to be modulated by a Wannier orbital formfactor and enhanced
when the orbitals are localized. As an illustration, we
consider orbitals that are well-localized on the SL scale,
such that the orbital radius ξ is much smaller than the
SL period a: ξ  a (see schematic in Fig. 1a). Since
Wannier orbitals define a formfactor that modulates the
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el-ph transition matrix element [16, 23], the typical momentum transfer in the el-ph scattering processes will be
of the order q ∼ 1/ξ, i.e. much greater than the SL
reciprocal vector. As a result, the el-ph scattering can
“outcouple” electrons in the flat bands to phonons with
momenta far outside the SL Brillouin zone. Scattering
by such large-momentum phonons cannot occur through
the usual el-ph transitions in which phonon momentum
transfer is q . 2kF . The large-q phonon emission enabled
by compact Wannier orbitals is expected to produce a
Purcell-like enhancement of the scattering rate. Indeed,
theories of flat bands in moiré graphene predict Wannier
orbitals that are well-localized on the SL scale [2, 24–26].
As we will see below, such compact Wannier orbitals can
produce a considerable Purcell-like enhancement of el-ph
scattering for phonons of wavelength λ . a.
It is instructive to note an analogy with the Purcelllike enhancement of plasmon emission observed in experiments on nanowire systems [27], in which electronic orbitals confined to quantum dots were employed to boost
the plasmon emission rate. Unlike the electronic states
in this experiment, that were fixed-size, the Wannier orbitals in moiré graphene can be reshaped by changing the
twist angle. This offers an appealing possibility to make
Purcell enhancement tunable.
The Purcell enhancement can also be interpreted in a
simple way in terms of electron Umklapp scattering, the
process in which electron momentum changes by a SL
reciprocal vector as illustrated in Fig. 1. Crucially, unlike Umklapp processes in pristine graphene monolayer,
which do not occur below room T , the small SL period
in moiré graphene makes these processes relevant even
at low T . Furthermore, since the flat bands result from
strong Bragg scattering of electronic waves by the SL potential, the amplitudes of electronic Umklapp scattering
in a SL are expected to be relatively strong. This mechanism will activate scattering processes that are prohibited in pristine graphene; the amplitudes of these processes are given by the Fourier harmonics of the Wannier
orbital, in agreement with the discussion above.
There are many different Umklapp processes arising
in this manner, some of which are illustrated in Fig. 1b.
In Fig. 1e, the acoustic-phonon band is shown folded in
the SL Brillouin zone; different parts of this band are
accessed through different Umklapp pathways as indicated by dotted lines. The purple arrow in Fig. 1b is
the momentum-conserving G = 0 scattering by the lowenergy phonons in Fig. 1e. The processes shown in orange
and yellow involve higher-energy parts of the phonon
band and violate momentum conservation, i.e., G 6= 0.
To delineate the contributions of different processes we
will refer to the former processes as normal scattering
(shown in purple in Fig. 1e), and those by the higher
parts of the phonon band as order-n Umklapp scattering
(n = 1, 2, 3, · · · ).
We note parenthetically that in addition to the elec-
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FIG. 1. Electron-phonon scattering and cooling power
in a superlattice. a The schematic figure of the model we
consider. The gray balls are the atoms and the yellow cloud
is the Wannier orbital of electrons. Electrons hop between
the Wannier orbitals. Black lines show the unit cell of the
superlattice (SL) and the two arrows are the primitive vectors
of the SL. The Brillouin zone and electron-phonon scattering
processes of the model are shown in b. The dashed line in the
center is the first Brillouin zone of SL and the blue circle inside
is the Fermi surface. Besides the normal scattering (purple
arrow), the Umklapp processes (yellow and orange arrows,
see panel e.) contribute to the scattering. The temperature
dependence of cooling power (Eq. (5)) is in c. and d. The two
figures are for different radii of Wannier orbitals ξ = a/6 and
ξ = a/3, respectively. The color of the dots corresponds to
the contribution from different scattering processes in b. The
results are for t = 4.67 meV, a = 11.7 nm, s = 1.5×104 ms−1 ,
g 2 = 9.37 eVÅ2 , and n = 0.25 × 1012 cm−2 (see Eqs. (1), (2),
and (4)). Note that the bandwidth is W = 3t = 14.01 meV.
e. is a schematic picture of the dispersion in the SL Brillouin
zone. The acoustic band is folded in the 1st Brillouin zone
of SL. We define the normal process as the scattering that
involves the phonons in the lowest-band phonons (purple line)
and the rest as the nth-order Umklapp process.

tron Umklapps one may also consider phonon Umklapps.
However, since phonon Bragg scattering is considerably
weaker than electron Bragg scattering [28], we will focus on the electronic Umklapps and ignore the phonon
Umklapps. For the sake of simplicity, we consider the
longitudinal acoustic phonon band only; the electron interaction with transverse acoustic phonons are subject
to a similar Purcell enhancement that will be discussed
elsewhere.

MODEL

To explore the effect of compact Wannier orbitals on
el-ph coupling, we employ a toy model in which the

3
nearly-flat band is described as a tight-binding problem
on a honeycomb lattice with the periodicity and symmetry matching those of moiré SLs; Wannier orbitals are
2
2
modeled as gaussian functions w(r) ∼ e−r /2ξ with the
radius ξ adjusted to match the realistic orbital size, as
pictured in Fig. 1a. The electron Hamiltonian reads
He =
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where
t is the nearest-neighbor hopping, a1,2 =

√ 
1
a ± 2 , 23 , |a1,2 | = a, are primitive vectors and k =

(kx , ky ) is electron momentum. The phonon field is the
displacement of background gray atoms placed with a distance acc  a. Since temperatures of interest are much
lower than graphene monolayer Debye’s temperature, we
focus on the acc → 0 limit; acc does not appear in our
calculation in this limit. The phonon Hamiltonian reads
X
Hp =
~ωq+G â†q+G âq+G , ωq+G = s|q + G|,
(2)
q,G

where ~ωq+G is the energy of the phonon with momentum q + G. The sum runs over the momenta q in the
SL Brillouin zone and the reciprocal lattice vectors
G
=

1
2π
√
n1 G1 + n2 G2 , n1,2 = 0, ±1, ±2..., G1,2 = a ±1, 3 .
Recent study of phonons in moiré graphene finds a dispersion that, at low energies, is similar to that of the
monolayer graphene [16, 28]. Therefore, we used the
sound velocity s = 1.5 × 104 ms−1 , a typical number observed in graphene [28, 29]. The electrons and phonons
interact through deformation coupling,
X gq+G p
†
√
~ωq+G ψ̂k+q,n
Hep = −
ψ̂k,n
V
q,k,G,n
(3)
†
× (âq+G + â−q−G ).
√
Here, V ≡ 3a2 N/2 is the area of the system with N
being the number of the SL unit cells. We will use the
notation k + q to denote momenta k + q + G shifted to
the first SL Brillouin zone by adjusting G. The modulation of the electron-phonon coupling due to the Wannier
orbital is described by a formfactor
gq = g e−q

2 2

ξ /4

,

(4)

where we assumed g 2 = 9.37 eVÅ2 ; the value of g corresponds to the deformation potential D = 20 eV [30, 31]
and mass density 1.52 × 10−10 kg cm−2 .
The G 6= 0 terms in Eq. (3), which embody the enhancement of the effective el-ph coupling due to Wannier
orbital localization, appear as a consequence of the electron Bragg scattering by SL potential. In the absence of
the Bragg scattering, the G 6= 0 terms are prohibited by

the momentum conservation. On the other hand, when
electron Bragg scattering creates well-localized Wannier
function, as it does in moiré graphene [24–26], the momentum non-conserving G 6= 0 el-ph processes become
allowed. These scattering processes are illustrated in
Fig. 1c. The solid circles represent a multisheet Fermi
surface in the SL Brillouin zone (gray hexagon), pictured for carrier density such that the Fermi level is
away from the Dirac points. The purple arrow in the
SL Brillouin zone (gray hexagon) is the normal process that involves phonons with q in the first Brillouin
zone. Besides the normal process, the Umklapp processes shown by orange and yellow arrows scatter the
electron to the same final state as the normal one. The
Umklapp processes contribute to the physics at temperatures T & T ∗ = ~ωG /2kB (kB is Boltzmann constant) at
which higher-energy phonons can be thermally activated
(Fig. 1c). The quantity T ∗ plays a role similar to that of
the Debye temperature, however its value is much smaller
than the crabin lattice Debye’s temperature. For moiré
graphene, it is T ∗ = O(10K), which is close to the BlochGruneisen T of graphene monolayer [28]. Therefore, the
Umklapp processes contribute significantly to the electron scattering at not-too-low temperatures and, as we
will see, are relevant for the temperatures of interest.
ELECTRON COOLING

One quantity that is highly sensitive to the nature of
el-ph scattering is the electron cooling. We evaluate the
cooling power using the two-temperature model [32, 33].
This model assumes the electrons and phonons are in
equilibrium with different temperatures Te and Tph , respectively. Using Fermi’s golden rule [32, 33] and the
interaction Hamiltonian Hep from
P Eq. (3), the cooling
power per a unit area reads J = G JG , where
X Z dk 2 dk 02
G
(εnk − εnk0 )Wnk
JG ≡
0 ,nk fnk (1 − fnk0 ),
(2π)2 (2π)2
0
n,n

(5)

is the contribution from the G phonon band with
WnG0 k0 ,nk = δn0 n 2π|gk0 −k+G |2 ωk0 −k+G

× Nk0 −k+G δ(εn0 k0 − εnk − ωk0 −k+G )

+ (Nk0 −k+G + 1)δ(εn0 k0 − εnk + ωk0 −k+G ) .
(6)
Here, Nq = βph1sq
is the phonon Bose-Einstein dise
−1
tribution and β = 1/T is the inverse temperature. The
total cooling power is the sum of the contributions from
different scattering processes.
Figures 1c and 1d show the numerical result of total
cooling power J (solid line) and JG for |G| = 0 (normal),
√ (first-order Umklapp), and |G| = 4π (second|G| = a4π
a
3
order Umklapp). In Fig. 1c, the contribution from JG6=0
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because the temperature is comparable to the bandwidth.
Figure 2 shows the cooling rate [Fig. 2a] and the electron
heat capacity [Fig. 2b] between 1 K ≤ Te ≤ 350 K. The
heat capacity C(Te ) shows a Schottky peak at Te ∼ 20
K, which manifests a crossover from the low-temperature
(kB Te  t) to high-temperature (kB Te  t) regime. Interestingly, the cooling rate J 0 (Te , Tph ) ∼ J/C, pictured
in Fig. 2a, increases monotonically and approximately
linearly with Te showing no peak, a behavior that reflect
the decrease of C(Te ) at the high temperature.
The Te -linear dependence of J 0 (Te , Tph ) in the high-Te
is a manifestation of the asymptotic behavior in the highTe limit. In the limit kB Te  kB Tph , ~ωG , t, the cooling
power reads
Z
dk 2
2π X
ηnk,G ,
(9)
J(Te , Tph ) ∼
~ n 1BZ (2π)2
where

10
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FIG. 2. Electron cooling rate and heat capacity. a.
Temperature dependence of electron cooling rate (Eq. (7))
for Wannier-function radius ξ = a0 /6 and ξ = a0 /3. b. Temperature dependence of electron heat capacity (Eq. (8)). The
error bars in the two figures are the estimated errors of numerical integral. The results are for t = 4.67 meV, a = 11.7 nm,
s = 1.5 × 104 ms−1 , g 2 = 9.37 eVÅ2 , n = 0.25 × 1012 cm−2 ,
and Tph = 10 K. Note that the bandwidth is W = 3t = 14.01
meV.

is larger than that of the normal process J0 . Indeed, J
is an order of magnitude larger than J0 . This trend is
robust against the change of ξ as seen from the ξ = a/3
result in Fig. 1d. The significant contribution from JG6=0
is a consequence of two factors. First, each JG6=0 gives
a contribution comparable to the normal process JG=0
when Te & T ∗ . Second, there are six bands for each order
of Umklapp processes, which enhances the contribution
by almost an order of magnitude. The low frequency of
the phonons and the multiplicity of |G| =
6 0 bands results
in a large contribution.
Experimentally, the cooling power affects the electron
cooling rate, i.e., the decrease of electron temperature
per a unit time. The cooling rate reads
J 0 (Te , Tph ) =

J(Te , Tph )
,
C(Te )∆T

(7)

XZ

1BZ

G

dk 02
(~ωk0 −k+G )2 |gn,k0 −k+G |2
(2π)2



(10)

× δ εnk0 − εnk − ~ωk0 −k+G ,

and
Z
1 X
dk 2 2
ε .
C(Te ) =
kB Te2 n 1BZ (2π)2 nk

(11)

The approximately linear T -dependence J 0 (Te , Tph ) ∝
Te , which is valid even in the high-Te limit, arises because J ∝ const. and C ∝ Te−2 at high T .
RESISTIVITY

Umklapp processes also contribute to the electrical
resistivity. The total resistivity ρ of a system is related to the entropy production by the electron-phonon
scattering. We consider only the longitudinal current
as the transverse current is prohibited by symmetry.
Within the variational method assuming the modula0
tion of electron distribution δfnk ≡ fnk − fnk
= τ eE ·
0
0
vnk βfnkP
(1 − fnk ) [23], ρ(T ) follows Matthiessen’s rule
ρ(T ) = G ρG (T ) where
G

ρ (T ) =

P

R

dk2 dk02
G
(2π)2 (2π)2 βPnk,k0 −k;n0 k0

2

x
(vnk
− vnx0 k0 )
,
h P R
i2
dk2
x 2
0
0
e n (2π)
2 (vnk ) βfnk (1 − fnk )

n,n0

(12)
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FIG. 3. Temperature dependence of resistivity ρ(T )
and the contributions from different scattering processes. The two figures are for different Wannier orbital
radius ξ: a. ξ = a/6 and b. ξ = a0 /3. The solid line
shows the resistivity and the points are the contribution from
normal, first-order Umklapp, and second-order Umklapp processes (Eq. (12)). The results are for t = 4.67 meV, a = 11.7
nm, s = 1.5 × 104 ms−1 , g 2 = 9.37 eVÅ2 and n = 0.25 × 1012
cm−2 . Note that the bandwidth is W = 3t = 14.01 meV.
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DISCUSSION

are the contributions of the phonon G bands with
G
Pnk,q;n
0 k0

2

=2πδn,n0 |gq+G |

0
ωq+G Nq+G fnk

1−

× δ(εnk + ~ωq+G − εn0 k0 ).

fn00 k0



(13)

Here, E is the external electric field, and τ is the variational parameter. We assume T = Te = Tph . The temperature dependence of ρ and ρG is shown in Fig. 3. The
main contribution comes from the first-order Umklapp
process at temperatures T & T ∗ , which is larger than
that of the normal process.

ELECTRON-PHONON COUPLING IN MOIRÉ
GRAPHENE

To validate the conclusions drawn from the toy model,
we made a detailed comparison to the microscopic continuum model of moiré graphene [6] (See Supplementary
Information for technical details). The results for different Umklapp processes, shown in Fig. 4, are in good
agreement with the toy model that links the Umklapp
scattering rates to the Wannier function formfactor gq .
As Fig. 4 illustrates, the best fit to the microscopic calculation is indeed provided by tightly localized Wannier
orbitals as in Eq. (4) with ξ/a ∼ 1/8 − 1/5, supporting
the Purcell-like enhancement of el-ph scattering rates due
to wannier orbitals localization. Furthermore, this bestfit value appears to be independent of the twist angle,
adding an air of confidence to the toy model approach.

We see that reshaping of Wannier orbitals impacts the
observables such as the cooling power and resistivity. The
enhancement in the el-ph scattering rates due to Wannier
orbital compression originates from the same physics as
the Purcell effect in quantum optics. The enhancement
has a nontrivial dependence on phonon momentum, being particularly important for large-q phonons. As the
analysis above indicates, these phonons are responsible
for a substantial enhancement of the cooling power and
the linear-T resistivity. The exact value for such an enhancement will depend on system details on the SL scale;
for realistic parameter values it can be as high as tenfold,
or more.
A key parameter that controls the enhancement is the
Wannier orbital radius ξ which suppresses the electronphonon scattering for qξ & 1 (Eqs. 3, 4). Shrinking of
Wannier orbitals, described by a reduction in ξ, leads to a
stronger effective el-ph coupling arising because the largeq phonons with |q| & π/a can now be activated. Indeed,
2 2
the el-ph formfactor gq ∼ e−q ξ , Eq. 4, is small for largeq phonons |q| & π/a when the Wannier orbitals extend
throughout the SL unit cell, i.e., ξ ∼ a, but increases as
the Wannier orbitals shrink, ξ  a. This is exactly what
happens in moiré graphene due to its localized Wannier
orbitals [2, 24–26].
The tunability of the el-ph interactions of moiré materials through reshaping the Wannier orbitals has many interesting implications. The dramatic enhancement of the
cooling and momentum relaxation rates, the two effects
that are straightforward to measure experimentally, will
offer an independent confirmation of the Purcell enhance-

6
ment mechanism. The connection between enhanced interactions and reshaped Wannier orbitals will provide
unique means to control interactions in moiré bands. As
a new direction in the study of moiré materials, it will
facilitate the microscopic understanding of superconductivity and other strongly-correlated phenomena.
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ELECTRON-PHONON COUPLING FOR CONTINUUM MODEL

The electron-phonon coupling in graphene includes a scalar contribution, described by the deformation potential,
and a gauge contribution, due to the modulation of the nearest neighbor electron hoppings induced by the phonons.
We consider first the scalar coupling, discussed in the main text. In the twisted bilayer, the coupling between states
in the narrow bands with momenta k and k + q through a longitudinal acoustic phonon of momentum q + G, where
G is a reciprocal lattice vector, can be expressed as
E
D
(S1)
gk,k+q = D ψk+q Iσ Iτ ei(q+G)r ψk

where the wavefunction |ψk i is a four component spinor, whose components are labeled by the sublattice, σ, and
layer, τ . Note that the full electron-phonon coupling includes a factor proportional to |q + G|. The matrices Iσ
and Iτ are 2 × 2 unit matrices in sublattice and layer indices. The use of the matrix Iτ implies that we consider
phonons with displacements which are equal in both layers. In order to estimate the relative strength of Umklapp
scattering processes, we analyze the square of the matrix elements, which is the quantity which appears in the transport
coefficients. We calculate the dimensionless quantity.
MK,G =

ψK Iσ Iτ eiGr ψK

2

(S2)

where, in addition, we have used the states at the corners of the Brillouin Zone, K, as representatives of the G
dependence of the matrix elements. By construction, MK,G=0 = 1. For G 6= 0, we average over equivalent vectors.
The calculations are using the parameters in[1] and an angle θ = 1.015◦ .Results are shown in Fig. S1.
The calculation can be extended to phonons whose displacements are opposite in the two layers. We have checked
that the corresponding couplings squared are, at least, one order of magnitude smaller than the ones discussed
previously, see Fig. S2.
For completeness, we have also considered the coupling to transverse acoustic phonons, where the coupling is
proportional to the in-layer velocity operators, vx , vy ∝ σx , σy . For a twisted graphene bilayer, the electronic states
in the narrow bands are a superposition of Bloch states in both layers with almost opposite velocities[2]. Hence, the
coupling to transverse phonons with equal displacements in the two layers is suppressed by a factor proportional to
the reduction in the Fermi velocity. This suppression does not take place if the displacements have opposite signs in
the two layers. These antisymmetric phonons can contribute to the resistivity and the electron cooling. As in the case
of longitudinal phonons, a Purcell like enhancement exists, and Umklapp processes have a significant contribution,
see Figs. S3 and S4.

FIG. S1. Matrix elements squared, see Eq. (S2), for Umklapp processes involving different reciprocal lattice vectors. The
reciprocal lattice vectors are labeled by two integers, {m, n} such that G = mG1 + nG2 , where G1 andG2 are the unit vectors
of the reciprocal lattice. It is assumed that the atomic displacements induced by the phonon are equal in both layers.

2

FIG. S2. As in Fig. S1, but assuming that the atomic displacements have opposite signs in the two layers.

FIG. S3. As in Fig. S1, but replacing the operator Iσ by σx in Eq. (S1) (gauge coupling, and assuming that the atomic
displacements have the same sign in the two layers.

FIG. S4. As in Fig. S1, but replacing the operator Iσ by σx in Eq. (S1) (gauge coupling, and assuming that the atomic
displacements have opposite sign in the two layers.
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