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Abstract | When single layers of 2D materials are stacked on top of one another with a small twist
in orientation, the resulting structure often involves incommensurate moiré patterns. In these

patterns, the loss of angstrom-scale periodicity poses a significant theoretical challenge, and the
new moiré length scale leads to emergent physical phenomena. The range of physics arising from
twisted bilayers has led to significant advances that are shaping into a new field, twistronics.

At the moiré scale, the large number of atoms in these systems can make their accurate simulation
daunting, necessitating the development of efficient multiscale methods. In this Review, we
summarize and compare such modelling methods — focusing in particular on density functional
theory, tight-binding Hamiltonians and continuum models — and provide examples spanning a

broad range of materials and geometries.

When two single layers of a 2D material are stacked on
top of each other with a small misalignment (such as
a twist, FIG. 1), they produce a moiré pattern of much
larger length scale than the periodicity of each layer
(FIG. 1a). The pattern is more often than not an incom-
mensurate structure and produces twist-dependent
emergent electronic behaviour (FIG. 1¢). A case in point
is the appearance of correlated phases in twisted bilayer
graphene (TBG)"’. The observed strong correlations
are caused, in part, by a flattening of the bands near the
Fermi energy that only occurs if the twist angle is near
the magic angle of 1.1° (FIC. 1b,e). The twist angle con-
trols the energy scale at which the Dirac cones of the two
graphene layers intersect in momentum space. When
this energy scale is comparable to the interlayer coupling
energy, band hybridization induces flat bands, as first
pointed out by Rafi Bistritzer and Allan MacDonald’.
The flat bands have an energy width of only a few meV,
and, so, electron-electron interactions can dominate
the band structure and give rise to correlated phenom-
ena, a rarity for graphene devices. At extremely small
twist angles, when the moiré length scale is on the order
of 100 nm, 1D features appear in the relaxed atomic
structure®’, introducing 1D electronic modes®™ (FIG. 1d).
Even when the length scale is only a few nanometres,
the transport and optical and mechanical properties of
these structures are controllable by manipulating the
twist angle'*""".

Experiments have mostly focused on graphitic
twisted systems, but moiré bilayers of other semicon-
ducting and metallic materials are being explored.
Surveys of crystal-structure databases predict over 1,000
candidates for unique 2D van der Waals materials'*,

suggesting millions of possibilities for twisted bilayer
systems. To facilitate the exploration of this vast space
of possible structures, theory is called upon to provide
accurate and robust predictions of the most interesting
choices. Towards this goal, we provide, in this Review,
a summary of existing modelling techniques for
single-particle electronic structure in moiré heterostruc-
tures. Although our focus is electronic behaviour (band
structures, transport, optical properties), we also intro-
duce and discuss atomistic relaxation, which plays an
important role in determining the electronic structure.

As a first step, we cover the popular 2D materials
used in moiré physics (FIC. 2), the common conventions
and vocabulary for twistronics and the ‘control knobs’
that are available for tuning the electronic structure in
moiré bilayers. The remainder of the Review is split
into two sections, atomistic modelling and continuum
modelling. Atomistic models, such as density functional
theory (DFT) and tight-binding Hamiltonians, allow
for a natural inclusion of both the small length scale
of the primitive unit cells and the large length scale of
the moiré pattern. Continuum models integrate out the
small length scale, capturing emergent physics by con-
sidering only the moiré length scale. Both approaches
have advantages and disadvantages, and the salient
characteristics of various models are compared in the
conclusion.

Moiré materials

Hexagonal boron nitride (hBN) is commonly used in
experiments involving 2D materials because of its easy
exfoliation and large band gap. Being electronically
and mechanically inert, it makes an ideal substrate for
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Fig. 1| An introduction to twistronics. a| A bilayer with a relative twist angle 6. The moiré length A, is indicated by

the double-headed arrow and describes the periodicity of the interference pattern between the misaligned layers.

b | The electronic properties of a twisted bilayer can depend sensitively on the twist angle 6: by decreasing the angle

in twisted bilayer graphene (TBG), the normally dispersive bands (6> 6, green) corresponding to normal conductivity
become very flat (=0, red), corresponding to a superconducting behaviour. This phase transition occurs near a critical
twist angle, 8. = 1.1°. c| By controlling 6, the value of A can change from a few angstroms to hundreds of nanometres.
Unique physics can be found throughout this range of length scales. d | At very small twist angles (large A, ), atomic
reconstruction forms domain-wall structures and helps define 1D electronic modes (simulation of TBG). e | For TBG and
many semiconductors, flat bands appear in the electronic structure when A is near 10 nm, causing electron confinement
and correlation effects associated with specific stacking orders. f| At large twist angles (small A, ), the electronic structure
is still highly tunable: when A _ is close to the size of the crystal lattice, quasicrystals can emerge. LDOS, local density

of states. Panel d adapted with permission from REF.”, APS. Panel e adapted from REF, Springer Nature Limited.

Panel f reprinted with permission from REF.>*, AAAS.

many transport, optical and electron-beam experiments.
Owing to a mismatch of roughly 2% in lattice constants,
a graphene layer aligned on hBN is a useful platform
for studying moiré physics®' . It enabled an important
early example of an electronic moiré experiment*-,
in which the large length scale was used to observe
Hofstadter’s butterfly pattern® at realistic magnetic
fields. Recent experiments have found correlated phe-
nomena in superlattices of trilayer graphene on hBN*"*,
similar to those observed in TBG. Unlike twisted bilay-
ers of the same material, the inherent lattice mismatch
between graphene and hBN limits the maximum moiré
length. Several proposals have pushed the envelope of
complicated graphene/hBN heterostructures, includ-
ing interference between two independently twisted
hBN/graphene interfaces”, twisted hBN bilayers'’ and
devices with in situ control of the twist angle'>"*.

In terms of pure graphitic devices, TBG has received
the most attention'~*'** The first logical extension is
to replace one of the monolayers with a Bernal stacked
bilayer, resulting in a twisted heterostructure that can still
exhibit flat-band physics***. Another choice is a twisted
bilayer of Bernal stacked graphene bilayers, often called
the twisted double bilayer, which was recently observed

to host strong correlations and superconductivity*-'.
A categorization of graphene-based devices with a single
twist angle has been performed from different perspec-
tives, classifying the types of flat bands and topological
bands that can occur®*. When the graphene bilayer is
twisted at 30°, it forms a robust quasicrystal®>*® (FIG. 1f).
Another structure of interest is the doubly incommen-
surate graphene trilayer, in which the second and third
layers are independently rotated relative to the first”**.
Such devices create complicated moiré patterns and addi-
tional van Hove singularities in the graphene density of
states**. There have also been investigations of systems
with alternating twist®¢' or with consistent twist between
infinite layers®. All studies of twisted graphene layers
show band-flattening effects of various kinds. Even by
constraining our options to just one type of 2D material,
in this case, graphene, there is still a dizzying amount of
possibilities in terms of multilayers with a twist.
Although graphene-based heterostructures are the
most popular choice for device fabrication, another
family of materials that has seen growing interest as a
platform for moiré physics is transition-metal dichal-
cogenides (TMDCs)*»"-%. TMDCs include metallic
and semiconducting materials, with a triangular lattice
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geometry that can host both hexagonal (2H) and tetrag-
onal (1T) bulk phases®*’ that differ in the coordination
of the chalcogenides around the central metal atom. The
electronic structure and geometry varies as one chooses
different metal or chalcogenide elements®~’, giving
additional control over the electronic and mechanical
properties in these systems. Many of these materials
have superconducting and charge-density wave phases
even in their bulk form, but the critical temperatures
depend strongly on the number of layers”">. The local
stacking order in TMDC:s has a noticeable effect on opti-
cal properties”. When two layers with lattice mismatch
are grown on top of one another, the resulting moiré
pattern can cause modulations in the electronic band
structure, such as a spatially dependent band gap™ or
twist-controlled interlayer excitons”"". Bilayers with
long moiré lengths are predicted to lead to quasiparticle
localization”*" and may have non-trivial topological
character®’.

Finally, there are magnetic van der Waals materials,
with Crl, being the best known example. This class of
materials has a stacking-dependent magnetic order®>*,
which, when combined with a twist angle, may allow for
uniform domains of antiferromagnetic and ferromagnetic
order.

This is a sampling of the most common materials
used in moiré research (FIC. 2), but this short Review does
not exhaust the possible structures®. For the interested
reader, there are libraries of possible 2D materials con-
taining thousands of entries that have been generated
from screening studies of crystallographic databases'®’.

Moiré geometry

When a 2D crystal is twisted relative to another, there is
no guarantee of periodicity in the resulting atomic struc-
ture. The two crystal lattices ‘beat’ in space, giving rise to
a 2D moiré pattern defined by the interference between
the two layers’ individual periodicities (FIC. 1a). For some

Graphene MoS

special angles, a translational symmetry is retained, but
its length scale is much larger than the original unit
cells of the crystals. This is the case for a commensurate
twist angle, and the retained symmetry defines the com-
mensurate moiré supercell. When no such translational
symmetry is retained, the system is incommensurate.

Even in the incommensurate case, there is still a
well-defined moiré length scale, A, for the twisted
bilayer. For twisted triangular lattices, the law of cosines
yields A_(0) = (a/2)/sin(60/2), where a is the lattice con-
stant of the constituent monolayer and 0 is the twist
angle. This length scale can be interpreted as an approx-
imate periodicity in the local arrangement between the
layers’ unit cells and is the distance between the light
stacking spots of the twisted hexagonal bilayer in FIG. 1a.
Although we focus here on twisted heterostructures of
the same lattice constant, the case of materials with slight
lattice mismatch is similar and is discussed when rele-
vant. In those cases, A, has a more complicated form
and, generally, small lattice strain is required to create
commensurate supercells®*. Given a lattice mismatch
of 6, the moiré length is given by

(1+6)a
J2(1+8)(1- cos) + 6>

Am(gr 6) =

1

This expression is derived by considering the difference
between the two layers’ reciprocal lattice vectors (see the
supplementary information of REF.*?).

In real devices, the twist angle cannot be controlled
as precisely as in simulations. Recent reports put the
state-of-the-art experimental control of the angle near
0.1° (REF™), but this comes with a caveat. The current
stacking methods usually require breaking a mono-
layer into two parts and then placing one part on top
of the other. This technique, named the tear-and-stack
approach®, can introduce huge amounts of mechanical
strain and non-uniformity in the moiré heterostructure.

Black phosphorus (phosphorene)

Hexagonal boron nitride

Fig. 2 | Examples of 2D materials. Crystal structures of graphene, hexagonal boron nitride, the 2H (hexagonal) phase
of MoS,, the 1T (tetragonal) phase of TaSe,, black phosphorus (phosphorene) and the magnetic material Crl,. For each
material, we show a perspective view, accompanied by a top-down view along the normal to the plane 2 and two side

views, along Xand y.
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In particular, the twist angle is often non-uniform in
space>**¥. Experimental results on the electronic
structure of these materials rely on devices with a high
degree of spatial uniformity, which are often fabricated
with great effort due to this technique’s low yield of
high-quality devices.

When discussing moiré heterostructures, the term
‘bilayer’ is often misused. It implies that the system
has two constituent layers, each an ideal 2D crystalline
structure with its own short-range translational symme-
try of a few angstroms. However, the ‘layer’ does not
need to be just a single sheet of a van der Waals mate-
rial. For example, a layer could be a collection of tens
of nanometres of Bernal stacked graphite’>”’. When the
two layers are not identical, the system can be referred
to more generally as a heterostructure, or a heterobi-
layer. When the two layers are identical, it is a bilayer
but is sometimes called a homobilayer to differentiate
it from the previous case. More complicated structures
with a single twist angle can also be considered, such
as a three-sheet graphene system in which the top and
bottom sheets form one effective layer and the middle
sheet another, with a relative twist angle between the
two™®!. A unified naming scheme is still needed for this
emerging class of materials. For now, they are described
self-consistently within each individual work. Here, we
use the term bilayer for a system with a single unique
moiré interface and reserve ‘trilayer’ or ‘multilayer’ for
systems with more than one moiré interface (for exam-
ple, three sheets of graphene, each at a different relative
twist angle to the others”~’).

Local stacking order

Moving the axis of rotation to a different point on
the bilayer is equivalent to choosing a different initial
in-plane displacement between the layers. After a rota-
tion, the local displacement between the unit cells of
each layer varies in space (FIC. 3a). This variation cap-
tures another important aspect of moiré systems and is
referred to by many names in the literature: local stack-
ing order, atomic disregistry, shift, alignment and more.
Because the two lattices are no longer identical after
twisting, there is always a spatial variation in this local
stacking order. For a commensurate system, only a finite
set of local stackings occur, but for an incommensurate
system, all possible stackings occur”, and each stacking
has a one-to-one correspondence with a unique location
in space”.

Local stackings that admit high-symmetry point
groups often correspond to the critical points of
stacking-dependent electronic properties. The label-
ling of the high-symmetry stackings varies by material
family. They are usually related to a bulk phase and can
inherit a specific name based on the naming convention
used in studies of the bulk system. For graphene bilayers,
AA and AB stacking refer to regions where two or one
carbon atoms, respectively, are eclipsed by a carbon of
the opposite layer in each unit cell. The AB configura-
tion is called Bernal stacking after the discoverer of the
crystallographic structure of bulk graphite”. In TMDCs,
the AB and BA labels often refer to the orientation of the
two layers rather than to their local stacking (FIG. 2b,c).
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Other naming conventions are used for the local stackings
in TMDCs but there is not yet a uniform standard.

In a twisted system, the local configuration, d, is a
function of space, d(r). The electronic properties cal-
culated from the untwisted reference stackings can be
leveraged to approximate the twisted bilayer with a
smoothly varying field over the moiré pattern. This is the
basis of most continuum descriptions of these systems,
which can accurately capture atomic relaxations®-**=*
and electronic phenomena®>*7#8%5-122 These models
are described in the section on continuum modelling.

Control knobs

The degree of control in moiré systems can be compared
with that available in other artificial lattices, such as opti-
cal lattices'”’, with moiré systems having a smaller length
scale (nanometres instead of micrometres). An alterna-
tive approach to the use of twist angles for generating
a periodic potential on a 2D system is the use of pat-
terned metallic gates on the surface of the material'**'%.
Unlike in a twisted interface, the strength and shape of
these potentials can be directly controlled, but defects
and irregularities are more easily introduced during
fabrication.

For moiré systems with a single twist angle, it is useful
to visualize the electronic Hamiltonian as divided into
three parts: two periodic Hamiltonians, H, and H,, and
an interlayer coupling Hamiltonian, T. The H, have the
periodicity of a conventional 2D lattice, of order ang-
strom, whereas T captures the periodicity of the super-
lattice. The length scale of this interlayer periodicity, A ,
is proportional to 1/6. This provides an unprecedented
amount of control on the moiré interface, allowing for
the creation of systems with length scales anywhere
between 1 and 100 nm (FIG. 1¢), controllable at the time
of fabrication.

External pressure can reduce the distance between
layers, increasing the strength of the interlayer cou-
pling, T(r). This effect was first predicted in TBG with
DFT-based multiscale calculations'*®'” and, soon there-
after, verified in experiments as a pressure dependence
of the magic angle®. A similar theoretical study has also
been performed on the twisted double-bilayer graphene
system®. Although the study of moiré devices under
pressure is challenging, pressure is likely to mature as an
important tool for tuning electronic structure in moiré
heterostructures.

Another unique advantage of using an artificial
superlattice in a 2D solid-state device is the access it
provides to powerful phase-altering perturbations in
the Hamiltonian. The most common perturbations are
electromagnetic fields™**'* and external strain forces'®-'"2.
The electronic structure can also be greatly modified with
the use of chemical intercalation of charged ions between
layers*™'*-"1 and targeted defect formation''”'*%.

Atomistic modelling

The most direct way to model any crystalline system is
to consider the local electronic environment near each
atom. DFT has a history of success in dealing with crys-
talline and finite systems'" by calculating the energy
of the system through a functional of the electronic

NATURE REVIEWS | MATERIALS

VOLUME 5| OCTOBER 2020 | 751




REVIEWS

density. The density can be iteratively converged in a
self-consistent manner'?, providing a first-principles
(ab initio) and parameter-free method that can be applied
to all materials. An alternative method to capture the
features of a crystal system is the tight-binding approxi-
mation, which assumes a reduced basis of tightly bound
electronic orbitals. Tight binding is computationally less
demanding than DFT but requires parametric models
for specific, well-understood systems.

Both approaches allow for accurate calculations
of both periodic and finite geometries, and guarantee

that physical phenomena at all scales can be included.
However, for moiré bilayers with small-lattice mis-
match and, thus, large A, the calculations can become
demanding.

Commensurate supercells

The starting point for most atomistic models is the con-
struction of a moiré supercell. Atomistic models can only
study commensurate systems but allow for the use of
Bloch theory and conventional band-structure methods.
The most common description of the supercell is with
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a pair of integers, (M, N), such that one of the superlattice
primitive vectors is given by Na, + Ma,, where a, are the
Bravais lattice vectors of one of the layers. In BOX 1.
we provide a simple derivation of this formula for a
twisted triangular lattice, although there have been
many other derivations specific for the geometry of
TBG'"'*'-1**, To create twisted moiré superlattices out
of heterobilayers with slightly different lattice con-
stants, one can additionally include a small expansion
or compression of the layers to help find commensurate
supercells®>*.

Prescriptions for moiré supercells with different
geometries are provided in panels a-d of BOX 1. For
arbitrary choices of (M, N), one can obtain supercells
whose periodicity is a multiple of the moiré length'*.
This is generally not desirable for small-angle calcula-
tions, as it requires many more atoms to be included, so
(M, N) should be chosen to ensure that the periodicity
is exactly one moiré length. For triangular or square
lattices with a small twist angle, this is accomplished
with M =N=1 (REFS'*"'#), where the sign determines
whether the rotation is clockwise or anticlockwise. For a
bilayer of rectangular lattices, ensuring M=+1 or N=+1
suffices'*.

The reciprocal lattice of the supercell, G, can be
derived from the supercell lattice vectors, A, with the
standard formula G=21(A")"'. For 2D materials, G and
A are 2 x 2 matrices whose columns correspond to the
2D lattice vectors. The Brillouin zone of the supercell
can also be understood in some cases by considering the
Brillouin zone of the rotated monolayers. For example,
in TBG, the two hexagonal Brillouin zones of the lay-
ers can be superimposed with a relative rotation. The
line connecting the two original K points (AK) forms
one edge of the moiré Brillouin zone, and the I' and M
points of the supercell can then be inferred (panel a in
BOX 2). The I point generated in this way usually folds
back to the origin via translations of the supercell recip-
rocal lattice vectors (details of TBG’s moiré Brillouin
zone in different supercell geometries can be found in
the appendix of REF.'#).

< Fig. 3 | Local stacking order in twisted bilayers. a| Geometry of a twisted honeycomb
bilayer, with the moiré unit cell shown in yellow and the moiré Wigner-Seitz cell in black.
Three high-symmetry stacking orders are highlighted in orange, purple and green,
corresponding to AA, AB and BA stacking, respectively. Each stacking configuration is
defined by a relative displacement between the unit cells of the two lattices, d, as shown in
the insets. b| The optical electric transition dipole moment for an interlayer exciton (D)
in a MoSe,/WSe, heterobilayer, given in units of the dipole moment of an intralayer
exciton, D. For transition-metal dichalcogenides, introducing a 60° angle between the
layers also changes the atomic geometry, because the two sublattices of the honeycomb
lattice are not identical. ¢ | The variation as a function of displacement d (left) and position
r (right) of the Mo$S, band gap (A) within a MoS,/WS, heterobilayer, for AA and AB
stacking. This heterostructure can confine electrons and excitons to introduce moiré flat
bands. d| Generalized stacking-fault energy for a graphene (G) and a hexagonal boron
nitride (hBN) bilayer, calculated under different density functional theory van der Waals
methods. These data can be used as a starting point for modelling atomic relaxations in
twisted bilayers. ACFDT-RPA, adiabatic-connection fluctuation—dissipation theorem with
random phase approximation; DFT-D2, density functional with dispersion correction’®’;
MGGA-MS2, meta-generalized gradient approximation ‘made simple’ (REF.**); SP, saddle
point; vdW-DF2, van der Waals density functional'®’. Panel b adapted with permission
from REF."®, APS. Panel c adapted with permission from from REF.’%, APS. Panel d adapted
with permission from REF.*!, APS.
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Density functional theory. The most successful compu-
tational method for the accurate calculation of atomic
and electronic structure in general solid-state systems is
DFT"". It is a powerful tool in the context of the moiré
bilayer problem but has its own limitations. A key con-
straint is that existing DFT codes rely on periodicity, and,
s0, only supercell approaches are possible. Electronic
structure is obtained completely self-consistently from
first principles, but the calculations can become prohib-
itively expensive for systems containing more than a few
hundred atoms. It can also be difficult to draw physical
insight from numerical results with only a few selected
supercells. Direct DFT calculations of twisted bilayers
with large supercells has been performed for many of
the common 2D materials, such as graphene*'>>!,
hBN*, black phosphorus'?” and the TMDCs**. The
numerical complexity can be alleviated by using pow-
erful scaling or parallelization schemes®'*>'”’, but
these require significant computational resources and
expertise. An alternative strategy is to compute unit
cells of the untwisted bilayer system but in different
stacking arrangements?'*>036475829497.99.128  Electronic
and structural information from these reference cal-
culations can be derived and used as input for less
computationally intensive models, as described in the
section on continuum modelling.

Improvements to basic DFT that are often needed for
describing the monolayer physics, such as screening GW
corrections, spin—orbit coupling and magnetism, should
also be applied to the bilayer. The bilayer geometry is
usually defined with the third lattice vector, the c-axis,
aligned with Z and includes a vacuum space of at least
20 A between periodic images of the 2D heterostructure.
The momentum sampling is only needed in two dimen-
sions, as a k-mesh of shape nxnx 1, as the out-of-plane
direction should not include any electronic coupling
between periodic images.

In addition, corrections that help capture the van der
Waals interactions are often required for accurate pre-
diction of the atomic and electronic structure in 2D
bilayers. For 2D crystals, the most important van der
Waals force to consider arises from the alignment of
temporary dipoles in the electronic wave functions (the
London dispersion force), which must be captured by
the exchange-correlation functional. There are many
choices of corrections to the standard functionals that
can help capture van der Waals forces accurately'”.
The methods most relevant for 2D-material modelling
directly modify the density functional, and, as such,
are named van der Waals density functional (vdW-DF)
methods'. All modern vdW-DF corrections give reason-
able qualitative results for 2D materials, although the
exact numbers depend on the functional (FIC. 3d). In prac-
tice, the choice is made by considering computational
efficiency and availability in the DFT code of choice.

The correlation effects observed in some moiré
systems could make the use of DFT approaches inade-
quate to capture this aspect of the physics. In TBG, the
effective Hubbard U parameter, which is a measure of
the tendency for correlated behaviour based on on-site
electronic repulsion, is small (tens of meV)**"*2, but the
minimum predicted energy scale of the twist-induced
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moiré flat bands is even smaller at charge neutrality
(only a few meV)**!%1.12¢ The correlations on the moiré
superlattice play almost no role at the unit-cell energy
scale, and, so, DFT can still provide reliable predictions
of the low-energy single-particle electronic structure.
To capture the correlated physics, specific mean-field
or many-body techniques can then be applied to the
obtained single-particle models. For a small sampling
of methods applied to TBG, see REFS'**-'*%, Often, these
approaches rely upon highly reduced tight-binding
models for just TBG’s flat bands, which are represented
as moiré-sized Wannier functions'""**'*,

Tight-binding models. Instead of dealing with the full
electronic density through DFT, for many materials,
the electronic structure near the Fermi energy can be
reliably reproduced with a tight-binding model that
treats the electronic wave function in a localized basis.
The tight-binding orbitals can be interpreted in the usual
notation for states with definite angular momentum:
s, p> d. The single-particle Hamiltonian is then com-
pletely described by the couplings between sites, ;. This
Hamiltonian is often written with the basis orbitals in the
language of wave functions (I§,}) or creation-annihilation
oPergtors (cf, Cf): HT}a = Zij tif|¢j><¢i| = ZU tijc;rci' The tight—
binding Hamiltonian yields a matrix representation
whose elements, the ‘hopping terms, are the electronic
couplings, H, = t;» representing the electronic energy
for hopping between nearby lattice sites.

Tight-binding models have a much lower computa-
tional cost than DFT, usually allowing for calculation
of large systems at the cost of self-consistency and ab
initio-level accuracy. This general trade-off applies also
to models for atomic relaxation that use effective inter-
actions instead of DFT-based forces, such as molecular
dynamics with interatomic potentials.

The simplest tight-binding models for TBG have
used empirical hopping parameters, often in the context
of Slater—Koster theory with parameters fitted from DFT
calculations of small-bilayer graphene supercells'*>**!-1*,
Tight-binding treatments of TBG can access proper-
ties of the electronic spectrum beyond simple band
structure, such as the Landau levels under magnetic
field by way of the Peierls substitution'*>'** and optical
responses''. They are also convenient for the inclusion of
atomic relaxations’'*>*"1* or defects''®. More recently,
tight-binding approaches have been used for moiré sys-
tems beyond TBG, such as multilayer graphene systems'’
or a graphene/TMDC heterobilayer'’.

Ab initio tight-binding models. Even for the simple
case of bilayer graphene, the choice of hopping terms
can be difficult when using an empirical approach.
For example, the interlayer couplings y, and y, of the
Slonczewski-Weiss—McClure tight-binding model of
graphite'*>"*" have the same bonding distance, but, due
to the electronic orbitals’ orientational dependence,
they differ in magnitude by a factor of two'**'*"152_ An
approach that combines the virtues of DFT and tight
binding is required.

The simplest method refines empirical functionals
to better match a reference ab initio band structure'>'>.

A more robust technique avoids band fitting with the
construction of maximally localized Wannier func-
tions (MLWE)"**'*>_ This approach transforms Bloch
eigenstates from a DFT calculation into a set of local-
ized orbitals through a modified Fourier transform
that mixes states at each k point. By performing mul-
tiple DFT + MLWF calculations for untwisted bilayers
of different local stacking orders, a stacking-dependent
or spatially dependent interlayer model can be derived
without relying on fitting®'?*'*!. The tight-binding
models generated in this manner have accuracy sim-
ilar to that of DFT but carry the computational effi-
ciency of tight binding. This strategy also facilitates an
explicit decomposition of the interlayer couplings into
symmetry-allowed channels of angular momentum'*,
explaining the origin of y,#y, in the Slonczewski-
Weiss—McClure model. This works well for layers with
identical unit cells and, for layers with nearly iden-
tical lattices (such as graphene on hBN), one can use
artificially imposed strain to create a single unit cell.
The intralayer inaccuracy can be tuned depending on the
application by choosing to distribute the strain in one
layer or evenly between the layers.

For heterobilayers with unit cells that have very dif-
ferent lattice sizes (such as graphene on MoS,), a more
elaborate procedure is required. The simplest solu-
tion is to use commensurate supercells. For example,
a3 x3 supercell of MoS, on a 4 x 4 supercell of graphene
results in a MoS,/graphene interface with minimal
strain. Another possibility involves the storage of mon-
olayer Wannier orbitals to calculate interlayer couplings
without an explicit bilayer DFT calculation'**'?”. There
are also flake-on-bulk approximations, in which a cir-
cular cut-out is taken of one layer and placed on top of a
periodic supercell of the other. Electronic properties can
then be converged with increasing size'* or the MLWF
technique can be applied to obtain interlayer couplings.

Extremely large systems

The commensurate approximation used to construct
moiré superlattices can be avoided in the atomistic case
by sacrificing periodicity. In doing so, the conventions
of Bloch theory are lost and an electronic band struc-
ture can no longer be well defined. Hamiltonians defined
on a large but finite flake still permit the calculation of
physical observables such as the density of states, opti-
cal response and transport parameters. As calculations
based on a flake geometry have no periodicity, to regain
the same accuracy of Bloch theory, the flake radius must
be much larger than the moiré length.

For flake calculations and supercells with extremely
small angles (8 <« 1°), a tight-binding model with mil-
lions of atoms is required’'**. As direct calculation of
eigenvectors for large systems is not computationally
efficient, non-diagonalization methods for electronic
spectral features are used instead. The most common
choice is the family of kernel polynomial methods'*,
which approximate operators acting on the electronic
Hamiltonian (density of states, optical response, con-
ductivity). The kernel polynomial methods rely only
on matrix-vector multiplication, so one can store the
tight-binding Hamiltonians as sparse matrices for
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a larger reduction in memory and processing over-
head. Note that, when these methods are applied to
supercells, one must still construct Bloch waves and
sample the Brillouin zone to ensure proper calculation
of the electronic properties. This method has been used
for both flake calculations’’ and extremely large super-
cells of TBG”'**. A related technique uses a real-space
recursion relation for the electronic Green’s function
but still relies on a Chebyshev polynomial basis'*’.

An alternative approach for small twist angles is to
‘simulate’ the effective electronic structure by using a

REVIEWS

smaller supercell with modified electronic hopping
parameters'®. Such a strategy relies on an existing
understanding of how the rotation affects interlayer and
intralayer electronic coupling’.

Continuum modelling

Continuum models for relaxation

For 2D materials with large moiré length, atomic relax-
ations are important. Relaxations can be treated with
standard approaches (molecular dynamics, DFT)
already introduced for atomistic electronic-structure

Box 1| Generating a commensurate moiré geometry

a Square,
la,|=la,|, $=90°

Although the twist angle breaks the translation symmetry of the unit cell, there are special values that create periodic
supercells with a translation symmetry of the moiré length. The construction of a commensurate moiré supercell from
a primitive Bravais lattice requires finding pairs of lattice sites that match exactly under a rotation. Moiré supercells
constructed in this manner are referred to as coincidence-site lattices in studies of grain boundaries'®, and the method
generalizes to heterobilayers with different lattice constants by including artificial strain®*°. If the original lattice has
primitive vectors a, and a,, then we are looking for integer pairs (M, N) and (M’, N’) satisfying

[Ma, + Na,| = |M’a, + N'a,)|.

For lattices where |a,| =|a,| (panel a), a good choice is M’ =N, N’ =M. For rectangular lattices (figure, panel b), M'=M,
N’=-N can be chosen. For a generic monoclinic lattice, construction of commensurate twisted supercells is not
guaranteed. By considering the triangle formed by (0, 0), (M, N) and (M’, N’) and applying the law of cosines, all of the
necessary geometric information on the twisted supercell can be derived.

For a triangular lattice (figure, panel c), the squared length from (0, 0) to (M, N) or (M" =N, N'=M) is

B*=a’M* + 2MNa, - a, + a’N? = a*(M* + MN + N?).
Similarly, the squared length from (M, N) to (N, M) is

C = a* (M =N)2+2(M - NYN - M)a, - @, + a*(N - M)2 = a“ (M - N)?
The law of cosines gives B + B? — 2B? cos 0= C? and simplifies to

2B°-C* M’ +4NM +N?

cos MM = =
2B? 2(M? + NM + N?

4)

This gives the first moiré supercell primitive vector, Na, + Ma, = Ma; + Naj}, where a; is a primitive vector of the rotated
layer. The resulting supercell for M=3, N=2 (figure, panel d) is but one of many possible choices for a commensurate
cell (figure, panel e). The pair of matched sites chosen in this construction is not unique, as there are six identical pairs
generated by the sixfold rotational symmetry of the lattice'”’. This guarantees that the moiré supercell inherits the
point-group symmetry of the original unit cell and gives a prescription for generating all primitive vectors of the moiré
supercell. For the triangular lattice, one additional vector is—Ma, + (M + N)a, = — Na; + (M + N)a;.
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Box 2 | Bloch-wave expansion for twisted bilayer graphene

In this example, we focus on twisted bilayer graphene,
although the method can be generalized to other materials.
We want to construct a Hamiltonian at a given wave vector
k,. Without loss of generality, we take k, near the K point of
the first layer’s Brillouin zone, K| (figure, panel a). The central

Bloch state in the first layer |14/ %), couples to the central state
ko+G

0) Italso couples to|y, "), where
GL1 = anLl + nZG 1 |s areciprocal lattice vector (G) of the
first layer (L,). Thisis because, as Bloch waves, |w %and

|1//k°+c" yare identical states and represent the same
ba5|s element. Repeating this argument with the layer
indices reversed, we see that the collectlon of relevant

states for the modelis {|u/k°+c"') |w"°+0 )} (figure, panel b).
This means that the wave vectors ofthe red layerin
the figure inherit the blue layer’s reciprocal lattice and
vice versa.

The interlayer coupling between Bloch states can
be computed by Fourier transforming a hopping
functional®**, directly projecting from a tight-binding
model'**'%? or fitting the stacking dependence of density
functional theory band structures’®*’. We apply the first
method and consider the interlayer coupling between a
Bloch wave of orbital o on the first layer with that of B on
the second,

G, _<ll/ 0+Gn |H |wk0+G >

where H,, is defined by a spatially dependent interlayer
coupling t(r), and for simplicity we assume that each

wave has an orbital sitting at the origin of the twisted
bilayer. A subtle point is that the gauge choice for the

Bloch phase factor will affect the final form of the interlayer
coupling. To later utilize graphene’s Dirac Hamiltonian,

the Bloch phases must depend only on the lattice

position and not the specific position of each orbital**%
Then, summing over all lattice points in both layers gives

. I : L
th,Gm:_ 2 efz(koJanl)RZt(Rz_Rl)et(kU+Gm2)Rl
R,R,
:i Y ei(k(l*Grﬁz)Rr"(ko*Grfl)RzJ-—df eiE(RrRl)f(f)
2
N R],Rz (2m)
_ i(ky+GL2-B)R, 5 o ilkytGH-ER,
R,

where the normalization of both |y) introduces N, the
number of lattice sites in one layer. The sums are zero unless
the momentum argument of the exponent is a reciprocal
lattice vector of that layer, in which case, they act like
S-functions. This is only true for both sums when

&=ky+ G2+ GL1, which can be confirmed by converting
one sum into a Dirac comb (introducing a factor of the
monolayer Brillouin zone area), evaluating the integral and
then using the other sum to remove the factor of 1/N. The
final expression i istg, G, = £ t(k GL2 +GL1) where Qis
the area of the monolayer unit cell. This coupling between
a (red) Bloch state of the first layer and a (blue) Bloch state
of the second layer is represented by the dashed black line
in the figure, panel b. If the two atomic orbitals do not sit
exactly at the origin but instead are shifted by 7, and 1,
then these displacements must be included into the
argument of t (but remember, not the Bloch phases). This
introduces a phase factor of expli(k, + G,le + G,L,ll)(rﬁ—l;x)]

to the final expression.

The basic continuum model consists of two ingredients, the
intralayer Bloch Hamiltonians and the interlayer coupling,
which depends on t(k). For twisted bilayer graphene, the
Bloch Hamiltonians are often taken to be a Dirac spinor
Hamiltonian, Hy(k) =v;0-k, where g is the vector form of
the Pauli matrices and v, is the Fermi velocity. To apply this
monolayer Hamiltonian, it is necessary to fold the momenta
close to the monolayer K, points (panel c) and take their
distance relative to those points in expressing Hy, (REF’)
(figure, panel d). The folded momenta yield a regular
hexagonal lattice (panel e) that allows for easy interpretation
of the relative strength of interlayer couplings: the
closer a pair of red and blue Bloch waves, the stronger
their coupling. Figure, panel a adapted from REF.",

Springer Nature Limited.

a Moiré Brillouin zone for a twisted supercell

b Generate coupled states

L.
k,+G,?

@

¢ Fold towards K, d Take distance from K,

k,+G-G:

p—
k +G-G

e Continuum model

Strong (k)

Weak (k) Hy(k)
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Fig. 4 | Examples of atomic relaxations in moiré materials. a | Dark-field transmission
electron microscopy measurements of twisted bilayer graphene (TBG) showing the
formation of triangular AB/BA stacking domains. b | Scanning tunnelling microscopy image
of graphene aligned on hexagonal boron nitride (hBN). The sublattice symmetry breaking
in hBN introduces hexagonal domains instead of the triangular ones observed in TBG.
c|Interlayer stacking energy for two different angles of relaxed TBG, computed with a
continuum model. d | In-plane displacement vector field (u) and interlayer distance (h) from
a continuum model for relaxed graphene on hBN at two different twist angles, in units of
the moiré length A . e | The local twist at an AA stacking point (8) versus the global twist
angle (6,) for TBG, computed with a multiscale atomistic model. The saturation of the local
twist angle is a consequence of the domain formation. f| Vertical corrugation in a supercell
of TBG with twist angle 8.26°. Panel a adapted from REF*, Springer Nature Limited. Panel b
adapted from REF.%, Springer Nature Limited. Panel c adapted with permission from REF.,
APS. Panel d reprinted with permission from REF.%%, APS. Panel e adapted with permission
from REF.'*, Elsevier. Panel f adapted with permission from REF.%*, APS.

calculations. For molecular-dynamics calculations,
many graphene potentials have been fitted to
first-principles calculations'®~'*>. When the moiré
length, A, is on the scale of tens of nanometres, the
bilayers often form domains of uniform stacking

REVIEWS

separated by thin, highly strained transition regions
(FIG. 4a,b). These transition regions have an optimal
width determined by a balancing of interlayer poten-
tial energy and in-plane strain energy®. This was first
observed in thermally disordered bilayer-graphene
samples’ and in aligned graphene on hBN** (FIG. 4b).
By controlling the twist angle, regular patterns of AB/BA
stacking orders can emerge in graphitic devices™*.
The domain-wall networks have their own phonon
spectrum'*>'%’, with the structures vibrating or breath-
ing on the moiré length scale. A continuum model that
complements atomistic methods is a powerful approach
in modelling these features, which extend across the
entire moiré superlattice.

The elastic continuum theory for two interacting lay-
ers can be separated into interlayer (out-of-plane) and
intralayer (in-plane) energies that depend on the displace-
ment vector field #(r). The interlayer energy is usually
taken as a generalized stacking-fault energy that depends
on the local stacking order between layers®****”. The
intralayer energy can assume a linear strain model, which
involves gradients of the displacement vector du,/dr; = u,.

J
The intralayer strain avoids terms of the form u_+u

as these represent expansion or compression of the layty-
tice, and, instead, introduces the more energy-favourable
shearing terms of the form u, —u  and u,+u , (REF'®) or
‘local rotations; u,,—u,,, which have no in-plane energy
cost. The total energy can then be minimized using any
standard numerical optimizer. Typical results from this
approach are shown in FIG. 4c,d.

At small twist angles, the layers admit small amounts
of in-plane strain to expand regions of low-energy
stacking”~"". This energy optimization amounts to a
local untwisting of the bilayers around the low-energy
stacking, which is then compensated by enhanced rota-
tion around the high-energy stacking. In FIC. 4e. we see
how the local rotation at the AA spot of TBG saturates
below 1° to a constant value, corresponding to a fixed
atomic geometry near AA, independent of the twist
angle'®. Thus, although most models for twisted bilay-
ers assume global uniformity in the lattice misalignment,
systems with a non-uniform twist angle are more real-
istic in experimental devices®. Simulations that address
such non-uniformity have to include straining effects
in the electronic structure, and atomic relaxations are
important for structures with a large moiré length. Even
in a model with a uniform twist angle, global shearing
can lower the total energy and modify the electronic
structure'*®,

Atomic relaxations help explain the band gap
observed in graphene/hBN devices”**. In TBG, the sizes
of the electronic gaps near the flat bands at the magic
angle are underestimated in calculations that assume
rigid sheets. The inclusion of relaxation, particu-
larly vertical corrugation (FIG. 4f), modifies the elec-
tronic coupling differently at the AA and AB stacking
sites”!0b192131 resulting in band gaps in better agreement
with experimental observations. This band-gap modi-
fication is visible in FIG. 5: FIG. 5c shows the band struc-
ture obtained with a model that assumes rigid sheets of
graphene in the twisted bilayer, whereas FIG. 5d shows the
results obtained including relaxations.
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Continuum models for electrons

Instead of directly using tight-binding models, the elec-
tronic structure of a twisted bilayer can be calculated in
a Bloch-wave basis. Owing to the twist angle, the Bloch
states of one layer strongly couple to states in the other
layer at different momenta, leading to a uniform net-
work of interlayer couplings over an expanded set of
Bloch states and forming a momentum lattice. This tech-
nique works best when the monolayer band structures
are highly dispersive relative to the interlayer coupling
in the desired energy region. Then, Bloch states at larger
energies enter the low-energy theory perturbatively. The
momentum lattice can be truncated efficiently without
distorting the desired region of the electronic spectrum,
making calculations both accurate and fast. In the case of
TBG, the large Fermi velocity of the Dirac cones relative
to the interlayer coupling strength means only tens of
Bloch waves are needed near 6=1°.

The continuum expansion was first applied in 2007
in a study of TBG*'. This was followed by a number of
works that more closely analysed the symmetry inherent
in this system at large angles', the electronic structure at
small angles®'”’ and the effects of magnetic fields"*>'7"'72,
Empirical models. As we have seen, the Hamiltonian
of a generic bilayer material consists of two monolayer
Hamiltonians, H, and H,, and an interlayer coupling
between them, T. We have already investigated the
difficulties associated with solving this problem in a
tight-binding basis, as the number of orbitals grows
with decreasing twist angle. In the electronic continuum
model, we expand the bilayer in momentum space,
introducing block-diagonal entries H,(k) and H,(k),
which are the conventional Bloch Hamiltonians of each
2D layer. Because of the twist angle, the interlayer cou-
pling between the Bloch states depends on the position,
T(r) and is only periodic on the moiré length scale. T'is

a Density b Tight binding ¢ Empirical d Exact
. functional continuum continuum
6=1.08 theory model model
0.2 I 7
\ \
0.1
S
2
% 0- g ~—S— I,
5}
j=
w
wl/ Y]
-0.2 T T A T /7 T T & T \/7
K r M K r M K r M K r M K
Time 3,100,000 70 0.01

(core hours)

Fig. 5 | Comparison of electronic band structures for 1.08° twisted bilayer graphene
generated by different methods. The computing time for each method is given in
core hours underneath each calculation. a| A density functional theory calculation.

b | A tight-binding calculation'® using an ab initio tight-binding model'?*. An empirical

continuum-model calculation® (panel ¢) and an exact continuum-model calculation

101,102

(panel d). Panel a adapted with permission from REF.'*%, APS.

related to the interlayer orbital couplings, t(Ar), which
are dependent on the relative displacement between
atoms (Ar). Depending on the local configuration d, Ar
changes, modifying t and the effective interlayer cou-
pling H,,. T can then be rigorously defined as the local
interlayer coupling in terms of the atomic interlayer cou-
plings: T(r) = (wszIHZI(d(r))Il//lkl) where ‘//ik’ is a Bloch
wave of layer i and k, is not necessarily equal to k, (see
BOX 2 for details). Independent of its derivation, T(r)
breaks the unit cell translational symmetry in H,, H, and
introduces couplings between Bloch states of different
momenta on each layer. The resulting Hamiltonian is

H(k) T(r)

Hk)=| .
T'(r) Hy(k)

2)

where the mixed basis, k and r, reminds us that the
momentum-scattering process introduced by the inter-
layer coupling must still be carefully expanded. We pro-
vide a derivation of this expansion in BOX 2. where r is
integrated out, leaving a pure k basis for H.

For TBG, spin symmetry is often assumed, so the H,
are 2 x 2 matrices representing the two p, orbitals of a
single unit cell of graphene. T is expanded in momen-
tum as T, , to describe the hopping of a Bloch state of
momentum p of one layer to momentum k of the other.
This scattering process can be indexed by the momenta
difference g,=p —k and, generally, the g; with small-
est magnitude are the most important. The scattering
matrices for these smallest g, take the form

..a b
we't wie'

Ty =1, ®

L ic d
we'h wye'i

where w, and w, represent interlayer coupling between
AA and AB orbital pairs, respectively, and the (p’ phase
factors depend on the orbital positions and choice of
origin (see BOX 2 for details). Often, explicit valley sym-
metry is imposed by assuming no effective coupling at
low energy between the K and K’ Dirac cones of the
monolayer, allowing for H(k) to be expanded around
a single valley. Combined with the spin symmetry,
this results in the eight electrons of magic-angle TBG’s
flat bands becoming just two bands in the resulting
Hamiltonian. One of the most common models, intro-
duced by Bistritzer and MacDonald’, picks simple Dirac
cones for H, and expands T to only the first Fourier com-
ponent (corresponding to the three smallest g;). Also,
it assumes that the two layers are perfectly rigid to fix
w,=w,=110meV. This simplified model works well
for predicting the magic angle but misses other details
of the electronic structure (FIG. 5¢). In double-bilayer
graphene, which is a bilayer consisting of two rotated
Bernal stacked graphene bilayers, the H, are 4 x 4 matri-
ces representing AB stacked bilayer graphene and the
T matrices, also 4 x 4, are only non-zero for the orbitals
at the twisted interface™”". This concept can be expanded
to multilayers of graphene with one twist angle, where all
of the graphene sheets are grouped by their twist angle
to form large, interconnected layers for the H, (REFS**).
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Table 1| Summary of the different modelling approaches for moiré heterostructures

Method Accuracy Speed Ease of
use
DFT with supercells High Low Medium
Molecular dynamics Medium  Medium High
Elastic continuum Medium  High Medium
Empirical tight binding Low Medium  High
Ab initio tight binding ~ High Medium  Medium
Empirical continuum Low High Medium
Ab initio continuum Medium  High Low

Choice of Choice of Examples of studied

material angle materials

High Low Graphene'”>; hBN*; TMDC®’;
other'”’

Medium Medium Graphene'®’; TMDC®; other'*

Medium High Graphene®; hBN*; TMDC®’

Low Medium Graphene®®

Medium Medium Graphene’’; TMDC*

Low High Graphene®*'; hBN?®; TMDC";
other'”?

High High Graphene'®'*'; hBN*%; TMDC*!

We provide a heuristic ranking of each method in different categories. Accuracy considers the likelihood of quantitative agreement
with experimental results, whereas speed values low computational cost. Ease of use estimates the amount of domain-specific
knowledge needed to employ the model. Choice of material describes how easily the 2D material of interest can be included without
significant retooling of the computational approach. Choice of angle evaluates whether the method has any limitations on the twist
angle, because of either supercell constraints or computational complexity. DFT, density functional theory; hBN, hexagonal boron

nitride; TMDC, transition-metal dichalcogenide.

The extension to trilayer graphene, with two independ-
ent twist angles, is more complicated and requires the
consideration of additional scattering processes absent
in the bilayer case”*. For heterobilayers with greatly
different lattice constants, the continuum approach can
still apply but requires additional care, as was shown in
a study of graphene on NbSe, (REF*).

The shortcomings of the empirical continuum mod-
els can be partly rectified by including atomic relaxations.
Vertical corrugations in TBG between the AA and AB
stacking sites can be captured by tuning the ratios of
the interlayer coupling elements, with w,<w,, introduc-
ing moiré band gaps that are in better agreement with
experiments'’'. If one extends this correction to the limit
where the coupling at the AA stacking sites vanishes
(w,=0), the resulting band structure contains a perfectly
flat manifold at the magic angle, with large band gaps on
either side™. This limit is referred to as the chiral sym-
metric limit and, building upon earlier perturbative argu-
ments for the vanishing of the Fermi velocity’, explains the
band flattening in TBG in the language of complex analy-
sis. Generic continuum models for arbitrary 2D Bravais
lattices show that moiré band flattening can also be aniso-
tropic, which may produce correlated behaviour different
to that observed in the isotropic flat bands of TBG'”.

The interlayer coupling in TBG has important
implications for the structure of the Landau levels cre-
ated by magnetic fields'”>'”>'”*. Analysis of the geome-
try of TBG supercells reveals two classes of structures:
sublattice-exchange even (SE) and sublattice-exchange
odd (SO) structures'?'~?*'”!, SO structures have Landau
levels with zero modes'”, whereas the Landau levels
in an SE structure are split and have no zero modes'”".
Calculations of graphene on hBN provide additional
examples of continuum techniques applied to study the
effect of magnetic fields****.

Ab initio models. An expansion of the electronic degrees
of freedom in reciprocal space can also be performed
directly from the band structures of accurate DFT calcu-
lations. Similar to the ab initio tight-binding approaches,
these continuum models begin with DFT band-structure

calculations for untwisted reference cells. By knowing
the band structure at different local stackings, one
can then approximate the interlayer Bloch-wave cou-
pling over a moiré cell, T(r), by studying band gaps or
band splitting (FIC. 3c). The Fourier components of this
interlayer coupling model are then extracted and can
be directly applied to a momentum basis. The role of
local stacking on the intralayer Hamiltonian can also be
included®, which is a feature difficult to capture with
pure tight-binding approaches.

This technique was first implemented for TBG”
and graphene on hBN*"*, and, more recently, has been
used for both electrons*' and excitons” in TMDCs.
Compared with the ab initio tight-binding models, this
approach has higher accuracy and is more straightfor-
ward to implement. However, as the model extracts band
hybridization strengths only from aligned geometries,
it can only be applied to small angles, as the full spatial
dependence of the interlayer electronic coupling is not
captured.

Exact expansions. There are also electronic contin-
uum works that aim to more accurately reproduce the
band structures generated by tight-binding models for
TBG!0-10212315L17 ' To do so, the expansion of the elec-
tronic structure into Bloch waves is refined by includ-
ing interlayer and intralayer scattering components
out to larger momenta, ensuring that the tight-binding
bands are exactly reproduced (FIC. 5d). The details of the
low-energy flat bands are highly sensitive to the specific
parameterization of the interlayer coupling'**'”°. To
capture the electron-hole asymmetry in the low-energy
band structure of TBG, the T matrices must depend on
the average momenta of the coupled states ((p +k)/2),
not just their momenta difference (p — k) (REFS'?-'%).
Atomic relaxations in TBG at small twist angles
lead to the formation of uniform Bernal stacked
regions with relatively sharp regions of transitional
stackings. Capturing these sharp features necessitates
high-frequency Fourier components in reciprocal space
in both atomic and electronic continuum models. This
greatly increases the strength of interlayer couplings
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at higher-momentum shells (larger (q].))m“*mz. It also
reduces the strength of the coupling related to interlayer
A-to-A orbital couplings (w,) even more than expected
from vertical corrugation', due to a reduction in the
size of the AA stacking area'”’. In general, all terms in
the exact expansion are dependent on the twist angle,
but this dependence is most noticeable for the strong-
est interlayer coupling term'*>'*>'*, Mean-field treat-
ments of electronic screening show that the van Hove
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Fig. 6 | Twist-induced electronic properties in 2D moiré heterostructures.

a| Experimentally observed resistivity at charge neutrality (primary Dirac point) from a
single device of hexagonal boron nitride (hBN)/graphene (G)/hBN heterostructure, where
the twist between the top hBN layer and graphene is controlled in situ. b | Energy locations
of optical absorption peaks in twisted multilayer graphene (TMLG) caused by van Hove
singularities, including density functional theory predictions (filled symbols), experimental
values (open symbols) and results from tight-binding calculations (lines), which are in good
agreement with the density functional theory predictions. ¢ | Electronic density of states
for twisted bilayer graphene (TBG) near 0° generated by the finite-flake tight-binding
Hamiltonian method. d | Twist-angle dependence of the spin—orbit coupling caused by the
proximity effect in a heterobilayer of graphene on MoS,, as obtained from a continuum
calculation. A; and A are the values of the effective interlayer electronic coupling and

potential, respectively,and E_,_and E

gap

split

are the sizes of the induced moiré band gaps and

Dirac point splittings in graphene, respectively. e | Vertical conductivity in graphene/MoS,,
as measured by a conductive atomic force microscope, showing an enhancement of the
resistance up to a factor of 4 when the layers are maximally misaligned (30°). Panel a
adapted from REF."*, Springer Nature Limited. Panel b adapted with permission from REF."?,
APS. Panel c adapted with permission from REF.”, APS. Panel d adapted with permission
from REF.>, APS. Panel e adapted from REF.°, CC BY 4.0.

singularities in TBG are pinned to the Fermi energy'*,

and such corrections can be added to the continuum
models"*+77,

Outlook and future directions

A summary of the atomic-structure and electronic-
structure methods for moiré heterostructures is pro-
vided in TABLE 1. The advantages and disadvantages of
each method are described, with a heuristic ranking
in five categories. Selected references for each method
applied to different bilayer materials are also provided.

In FIG. 5. the different methods for electronic structure
are compared for TBG near the magic angle, 0=1.08°.
The DFT, tight-binding and exact continuum models
include atomic relaxations and show excellent agree-
ment with one another, in part, because the latter two
methods are based on ab initio Wannier tight-binding
models. They are also consistent with the experimen-
tally observed moiré band gaps of order 40 meV (REFS™).
The empirical continuum model® famously captures the
phenomenology of the magic-angle flat bands but fails
in many other ways: the band gaps and higher-energy
bands are completely different from the experimen-
tal ones. As discussed earlier, this is primarily due to
the assumption of rigid layers’'""*!, highlighting the
importance of combining electronic and atomic mod-
elling when studying twisted bilayers. For this reason,
it is challenging to generate a reliable empirical con-
tinuum model for a new material without some pre-
liminary ab initio or experimental input. In terms of
computational cost, the continuum models have negli-
gible computational cost, the tight-binding calculations
take a few hours on a dedicated few-node machine and
DFT approaches take a month on a large computing
cluster, despite having a smaller number of sampled k
pointslzillﬁ'

To conclude, we provide a short summary of recent
discoveries in twisted 2D materials as inspiration for
future research. A combination of experimentally
observed and theoretically predicted twist-dependent
electron properties is shown in FIG. 6. Experimental
in situ control of the twist angle between a layer of
hBN and graphene enabled the measurement of the
twist-angle dependence of the resistance at graphene’s
charge neutrality point” (primary Dirac point, FIG. 6a).
The peaks in resistance near 0°+ 120° are related to the
size of the gap induced in graphene by the sublattice
asymmetry in hBN. The optical properties of twisted
multilayers of graphene are similarly sensitive to the
twist angle, as shown in FIG. 6b. Peaks in the optical
absorption are predicted in the DFT calculation and are
explained by the emergence of van Hove singularities
where the rotated Dirac cones of graphene intersect in
momentum space'’. The exact energy of these peaks
can be further tuned by changing the number of layers.
The smooth twist-angle dependence of the van Hove
singularities can be more clearly seen in finite-flake cal-
culations of the density of states in TBG (FIC. 6¢). This
method allows for smooth variations of the twist angle
free of commensuration conditions’’, and the results are
in good agreement with scanning tunnelling microscopy

measurements taken at charge neutrality'”".
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Spin-orbit coupling or magnetism can be introduced
in materials through the proximity effect and tuned by
manipulating the twist angle'*"”. FIGURE 6d shows the
results obtained with a continuum model used to study
how the interlayer electronic coupling and potential for a
graphene/MoS, structure depend sensitively on the twist
angle, opening up a spin-polarized gap and introducing
a spin splitting in the graphene bands'. This spin-orbit
effect has not been directly observed, but an experimen-
tal study of vertical conductivity showed that the electric
resistivity in this heterostructure is highly sensitive to the
twist angle'” (FIC. 6¢). Graphene/TMDC heterostructures
combine the high mobility of graphene with the large
symmetry-breaking terms of TMDCs and are, thus,
promising candidates for spin-polarized (spintronic) or
valley-polarized (valleytronic) technologies.

The most hotly debated issue in the physics of
twisted bilayers is the origin of correlated states in
moiré flat bands. As more experimental results are
reported, examples are emerging in which the super-
conducting and Mott states in magic-angle TBG do
not occur together'””-'*!, weakening the popular anal-
ogy made between superconductivity in TBG and the
high-temperature superconductivity in cuprates. There
is evidence that the correlated states can break valley, spin
and rotational symmetry'*>'®, further complicating the
phase diagram of magic-angle TBG. Regardless, moiré

REVIEWS

band flattening (and, hopefully, electronic correlations)
should be observable in a wide range of 2D materials,
because their driving force — electronic confinement at
the extrema of the spatially dependent interlayer cou-
pling T(r) — is material-independent. For example, pos-
sible superconducting and Mott insulator phases were
recently observed in a twisted bilayer of WSe, (REF.'®*).

Looking beyond enhanced correlations, other elec-
tronic phases can be engineered into moiré bilayers.
In TBG, applying a strong vertical electric displacement
field when 6<0.5° can create a network of topologically
protected edge states®’. A simplified interpretation sug-
gests that two symmetry-related stacking orders (AB and
BA) are distinguished by the vertical field, opening a
band gap of opposite sign in the two regions. The search
for other symmetry-breaking perturbations in moiré
heterostructures may lead to the discovery of additional
platforms for studying topologically protected electronic
networks. Other interesting topics include high-quality
quasicrystals®*°, vortex—antivortex networks* and
twist-angle control of excitonic states’"*. The control-
lable design of twisted heterostructures allows for new
physics and engineering directions. In this endeav-
our, theoretical understanding of complicated moiré
interfaces will be vital.
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