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Problem 1

Use the method of Gauss-Jordan elimination to solve the following equations:

r1 — 2$2 = 3
2(131 — 4, = 6
—3x; + 6xy, = —9

Problem 2

Use the method of Gauss-Jordan elimination to solve the following equations:

1 + T2 + 2x3 + x4 = 5
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4(1!1 -+ 5:1:2 + 3$3 = 7

Problem 3

Given the two matrices
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form the matrices C = 2A — 3B the matrices D = 6B — A.



Problem 4

Show that for the matrices defined in Problem 3: (i) (AT)T = A; and (ii) (AB)? =
BYAT

Problem 5

Given the three matrices
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show that : AB — BA =iC, BC—- CB=iA,CA— AC=iB, A2 + B2 + C% =21I.

Problem 6

Given the three matrices

1/1 o
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show that : AB — BA =iC, BC — CB=iA,CA— AC=iB,A? + B+ C? = 3L

Problem 7

Given the matrices




verify that: (AB)T = BTAT, (AT)T = A, and (BT)" = B.

Problem 8

Let us define the following matrix

Please find a nonzero matrix B such that AB = 0. Does BA= 0?

Problem 9

Let us define the following matrix

Please find a nonzero matrix B such that AB = 0. Does BA= 0?




Python Exercise 3

Let us explore some basic properties of matrices using create a matrix in NumPy:

import numpy as np

A = np.array([[2,4],[6,8]])

K= np.array([[1,0],[0,1]])

C = A + K #matrix addition
print(C)

D = A - K# matrix subtraction
print(D)

E = C@QD #matrix multiplication

print(E)

A= np.array([[1,2,3], [4,5,6], [7,8,9]]) #this creates the 3 x 3 matrix called A
print(A)

print(A.shape)#prints the number of rows and columns of the matrix A
print(A.T) #prints the transpose of the matrix A

np.trace(A)# prints the trace of the matrix A

E = np.eye(2)# creates a 2 x 2 identity matrix

print(E)

F = np.diag(A)#extracts the diagonal matrix elements from the matrix A
print(F)

Now let us apply these NumPy commands in some useful exercises.

1. A n x n matrix has n? matrix elements. For a symmetric matrix, however, not
all elements are unique. Create a 2 x 2 symmetric matrix and a 3 x 3 symmetric matrix
and count the total number of matrix elements and the number of possible unique matrix
elements. Now work out a formula for the number of possible unique matrix elements in
such a matrix.

2. Create the following arbitrary matrices: U(4 x 1), V(5 x 1), W(5 x 1), and A(4
x 5). For these matrices solve the given arithmetic problem or demonstrate why it is not
solvable: WUT 4 AT,

3. Create the following arbitrary matrices: U(5 x 1), V(6 x 1), W(6x 1), and A(5
x 6). For these matrices solve the given arithmetic problem or demonstrate why it is not
solvable: UVT — A,

4. Create the following arbitrary matrices: U(6 x 1), V(7 x 1), W(7 x 1), and A(6
x 7). For these matrices solve the given arithmetic problem or demonstrate why it is not
solvable: VWT — A.

5. Create the following arbitrary matrices: U(7 x 1), V(8 x 1), W(8 x 1), and A(7

x 8). For these matrices solve the given arithmetic problem or demonstrate why it is not
solvable: VWT 4+ AT,




6. Create the following arbitrary matrices: U(10 x 1), V(11 x 1), W(11 x 1), and
A(10 x 11). For these matrices solve the given arithmetic problem or demonstrate why it
is not solvable: WUT 4 A.

7. Create a matrix A (n x n) and a matrix B (n x n). Is the sum of their traces equal
to the trace of their sums? Note the trace of a matrix only exists if that matrix is square.

8. Given the matrices of sizes A (2 x 3), B (3 x 3), and C (3 x 4), determine whether
each of the following operations is valid, and, if so, the size of the resulting matrix:

(a) CB

(b) C*™B

(e) (CB)"

(d) cTBC

(e) ABCB

(f) ABC

(g9) C"BATAC

(h) B"TBCC"A

(i) AAT

(7) ATA

(k) BBATABBCC

(1) (cBBTCC™)T



(m) (A+ ACCTB)"A
(n) C+ CATABC
(o) C+ BATABC

(p) B+3B+ ATA—-cCC”

9. The nth-order Fibonacci matrix [named for the Italian mathematician (circa 1170-
1250) is the n x n matrix F, that has 1’s on the main diagonal, 1’s along the diagonal
immediately above the main diagonal, -1’s along the diagonal immediately below the main
diagonal, and zeros everywhere else. Construct the sequence

det(Fl), det(Fz), det(F3), eeey det(F7)

Make a conjecture about the relationship between a term in the sequence and its two
immediate predecessors, and then use your conjecture to make a guess at

det(Fg)

Check your guess by calculating this number.

10. Symmetric matrices are very useful for advanced applications in linear algebra but
not all matrices are symmetric. The good news is that there is a way to convert a non-
symmetric matrix into a symmetric one. Invent a matrix A (3 x 3) and show that you can
find a new matrix C which is symmetric if you use the following recipie

1
0= %(A—{—AT) = -2-(AT—{—A)

Try it for a smaller A (2 x 2) matrix! The question now is this just a property of
matrices of order 2 or 3, or is it true for matrices of any order? You can prove this for any
matrix of order n by starting with any version of the above equation, taking the transpose
of both sides of the equation, and going forth from there.




It is always useful to visualize results in science and engincering and we will certainly
discuss how to plot vectors, lines, and graphs using Python later in this course. I do,
however, wish to show you now how to visualize matrices in Python, which I think is very
neat! You will need the Python library matplotlib.pyplot. You will also need the functions
plt.imshow and plt.show which you should look up (i.e. google) to get a better idea of
what they do. Play with your results as they are fascinating. Vary the factor N! You should
discover something strange about your plot in terms of its matrix elements and how Python

describes the positions of the matrix elements. What is it? We will return to this point in
Problem Set IV.

import numpy as np
import matplotlib.pyplot as plt
N=10

B = np.random.randint(-2000,2000, size =(N,N)) #return a set of random integers be-
tween -2000 and 2000, where size is the output shape

B_symm = (B + B.T)/2
plt.imshow(B_symm, cmap =“jet”) #color scheme for cmap either “gray” or “jet”
plt.show()




